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^.^, Abstract. This paper studies the concept of algorithmic equiresolution of a family of 

j^ ' embedded varieties or ideals, which means a simultaneous resolution of such a family 

compatible with a given (suitable) algorithm of resolution in characteristic zero. The 

paper's approach is more indirect: it primarily considers the more general case of fam- 

1/^ ' ilies of basic objects (or marked ideals). A definition of algorithmic equiresolution is 

proposed, which applies to families whose parameter space T may be non- reduced, e.g., 
the spectrum of a suitable artinian ring. Other definitions of algorithmic equiresolution 
are also discussed. These are geometrically very natural, but the parameter space T of 
■^r , the family must be assumed regular. It is proven that when T is regular, all the proposed 

• ' definitions are equivalent. 

Introduction 



o 



After Hironaka solved the problem of resolution of singularities of algebraic varieties 

(working over fields of characteristic zero) attempts were made to provide a more con- 

00 \ structive proof (algorithmic or canonical resolutions). These efforts were successful and, 

t^^ ■ at present, theories of algorithmic resolution of singularities are well established (see, e.g., 

[3], [2], [6], [7], [7], [11], [14]). Once algorithmic methods to resolve singularities of al- 
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^^ \ gebraic varieties are available, a natural question is to study simultaneous resolution (or 



o 
o 



equiresolution) of families of algebraic varieties, in a way compatible with a given reso- 
lution algorithm. The problem of algorithmic resolution, at least in what seems to be 
the most crucial case, namely that of an embedded variety (i.e., a closed subvariety of 
a regular ambient one), is closely related to that of principalization of a sheaf of ideals 
on a regular variety. Indeed, with a suitable algorithm for principalization of ideals it is 



X 

C^ ■ possible to obtain one for desingularization of embedded varieties. (See, e.g, [2] or [4].) 

In [8] some basic results on algorithmic equiresolution are obtained in the case of families 
of ideals or of embedded schemes, parametrized by smooth (or at least reduced) varieties. 
(See also [2] and [5]). Namely, two notions of equiresolution are proposed, one requir- 
ing that the centers for the transformations leading to the algorithmic resolution of the 
family be smooth over the parameter variety T (condition AE), the other requiring the 
local constancy of an invariant associated to each fiber (condition r). It is proved that 
(under suitable compactness assumptions, i.e., that certain morphisms be proper) both 
notions are equivalent. An application of these results discussed in [8] is the construction 
of an "equisolvable" stratification of Hred, where H is the Hilbert scheme parametrizing 
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subschemes of a scheme W, smooth over a field, having a fixed Hilbert polynomial P. 
For a number of reasons the restriction that the scheme parametrizing the family must 
be reduced is not very satisfactory (for instance, H above might not be reduced). In this 
paper a definition of equiresolution that makes sense for families parametrized by non 
necessarily reduced schemes T is proposed. We call it condition (E). Other notions, called 
conditions {A), (F), and (C) are also presented. Condition (A) corresponds to condition 
( AE) of [8] , the other formalize variants of the idea that the algorithmic resolution of the 
family should induce the algorithmic resolution of the fibers. 

The main objective of this paper is to prove that when the parameter space T is regular 
all these conditions are equivalent. Assuming the properness of certain projections one 
proves that these are also equivalent to condition (r) of [8]. 

Condition (E) is defined on the basis of the work done in the article [13]. In it, the 
crucial case of "infinitesimal" families (of deformations), i.e., parametrized by Spec^, A a 
(suitable) artinian ring, is studied. In this situation there is a single fiber, and a notion of 
algorithmic equiresolution is introduced, which attempts to make precise the intuitive idea 
that the different steps in the algorithmic resolution of the fiber "nicely" spread over the 
infinitesimal parameter space Spec A. Essentially, condition (E) requires that for all t G T 
(the parameter space) the naturally induced infinitesimal family over Spec (An^t), where 
An^t = OT,t/M^~^ , Mr,* being the maximal ideal of OT,t, be algorithmically equisolvable, 
in the sense of [13]. 

In this paper, as well as in [13], we work on a settting more restricted than that of 
[8], where a general resolution algorithm satisfying certain properties (the so-called good 
algorithms) was used. Here (or in [13]) we work with a specific algorithm, namely that of 
[9] or [2] (also discussed in [6]). Most likely other algorithms (like those of [3], [14], etc.) 
could be used to obtain similar results. Probably, in the future, when more experience is 
gained, a presentation at least as general as that of [8] will be available. 

Also, as in [13], most of the paper is devoted to the study of families of basic objects 
(called presentations in [3] and marked ideals in [14]). Results in this technically simpler 
case imply similar ones in the more interesting case of families of ideals or embedded 
varieties. 

The article consists of seven sections. In section 1 we review the algorithm (for basic 
objects over fields of characteristic zero) of [2] of [9], which we call the V-algorithm, and 
a variation thereof (the W-algorithm, which borrows some techniques from [14]). The W- 
algorithm was used in [13]. We prove in detail the fact that the V- and the W-algorithms 
are the same. In section 2 we introduce families of basic objects and study some of their 
basic properties. In section 3, working with families of basic objects parametrized by a 
regular scheme, we introduce the aforementioned conditions {A), (F), (C) and (r) and 
prove the equivalences among them already cited. In section 4, after reviewing necessary 
results from [13], we introduce condition (E). The equivalence of conditions (^4) and (E) 
is proved in sections 5 and 6. In order not to break the main line of reasoning, in section 
5 we gather several results that are used in the proof, which is presented in section 6. In 
section 7, we explain how the work already done easily leads to similar results for families 
of ideals (or of triples {W, I, E), where M^ is a smooth variety, / a sheaf of ideals on W, 
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and E a finite sequence of smooth liypersurfaces of W with normal crossings) , and families 
of embedded schemes and varieties. 

Trying to keep this article reasonably brief, and because this is still work in progress, 
we do not attempt to discuss applications similar to those found in [8] . We hope to return 
to these questions in the future. 

It is my pleasure to thank O. Villamayor and S. Encinas for useful discussions and their 
encouragement . 

1. Algorithms 

1.1. In general, we shall use the notation and terminology of [10]. We describe next a few 
exceptions. If IF is a scheme, a VF-ideal will mean a coherent sheaf of Ov^-ideals. If / is a 
VF-ideal, the symbol V(I) will denote the closed subscheme of W defined by /. As usual, 
V{I) will denote the closed subset of the underlying topological space of W of zeroes of /. 
If y is a closed subscheme of a scheme W, the symbol I{Y) denotes the VF-ideal defining 
Y. An algebraic variety over a field k will be a reduced algebraic /c-scheme. If VF is a 
reduced scheme, a never-zero VF-ideal is a VF-ideal / such that the stalk Ix is not zero for 
all X € W, in general / is a never-zero ideal of W if lOw is never-zero, with W' = Wred- 

The term local ring will mean noetherian local ring. In general, the maximal ideal, or 
radical, of a local ring R will be denoted by r{R). Often, we write {R, M) to denote the 
local ring R with maximal ideal M. The order of an ideal J in the local ring (A, M) is 
the largest integer s such that J C M^. 

If VF is a noetherian scheme, / is a M^-ideal and x G W, then I'xil) denotes the order 
of the ideal Ix of Ow,x- 

The symbols N, Z and Q will denote the natural, integral and rational numbers respec- 
tively. 

1.2. We shall work with the following collection S of schemes (see [2], section 8, or [8] (1.1) 
(c)). Let S be the class of regular, equidimensional fc-schemes W, where k is a (variable) 
field of characteristic zero, satisfying the following condition: the scheme W admits a finite 
covering by open sets of the form Spec{R), where i? is a noetherian, regular fc-algebra, 
with the property that Derfc(i?) is a projective i?-module of rank n = dimVF; moreover, 
for any maximal ideal M of R, dim(i?jvf ) = n and R/M is an algebraic extension of k. 

1.3. A basic object in S, or a $-basic object., is a four-tuple B = {W., /, 6, E)., where VF G S, 
/ is a never-zero IF-ideal, 6 > is an integer and E = (i^i, . . . ,-ffm) is a sequence of 
distinct regular hypersurfaces of W (i.e., each Hi is a regular Weil divisor of W) with 
normal crossings ([2], 2.1). 

The smooth /c-scheme W is the underlying scheme of 5, denoted by us{B). The dimen- 
sion of B is the dimension of the scheme us{B). 

1.4. The singular set Sing(i?) of the basic object of 1.3 is {x £ W : Vxil) ^ &}• This is a 
closed set of W . Indeed, one may introduce an operation A* on VF-ideals, i > 1, so that 
Sing(i?) = V {/S!^~^ {!)) . Concerning A = A^, if ty is a closed point of W and xi, . . . ^Xr 
is a regular system of parameters oi R = Ow,w and Di is the derivation associated to 
Xi (the "partial derivative" with respect to Xj), then A(/)^ is the ideal of R generated 
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by Iw U {Dif : f € Iw,i = ^,- ■ ■ ,r}, A* is defined by iteration. One defines A(/) more 
intrinsically by means of suitable Fitting ideals of ^i^m/k, k the base field. (See [2], section 
13, for more details.) When we want to stress the fact that VF is a scheme over a field k 
we shall write A*(///c)) rather than A*(/)). 

1.5. Pemissible transformations. If B = {W, I,b,E), E = {Hi, . . . , Hm) is a basic object, a 
permissible center for i? is a closed subscheme C C Sing(i?) C W having normal crossings 
with the hypersurfaces Hi, i = 1, . . . ,m. In particular, C is regular, see [2], Definition 
2.1. We define the transform of B with center C as the basic object Bi = {Wi,Ii,b,Ei)) 
where Wi is the blowing-up of W with center C (so, we have a natural morphism Wi -^ 
W), E' = {H[, . . . , H^^, Hm+i), where H'- is the strict transform of Hi (i = l,...m) 
and Hm+i is the exceptional divisor. Finally /i is the controlled transform of /, that is 
Ji := I{Hm+i)''^IOwi (cf. [2], section 3). The process of replacing B by such new basic 
object Bi is is called the (permissible) transformation of B with center C, often denoted 
by B <r- Bi. We'll also write Bi := 7{B, C). A sequence of basic objects Bq ^ ■ ■ ■ ^r- Br, 
where each arrow Bj ^— -Bj+i is a permissible transformation, is called a permissible 
sequence (of basic objects and transformations) 

If H^ ^— Wi is as above, we define the proper transform /i of / to Wi as the Wi- 
ideal £~"'IOwi, where £ defines the exceptional divisor and the exponent a is as large 
as possible. This integer is constant along each irreducible component of the center C 
used, but in general not globally constant. Given a permissible sequence of basic objects 
as above, define (inductively) /j+i to be the proper transform of /j, for all i. We also say 
that /j is the proper transform of I to Bi. 

In the notation above, if / : W ^- H^ is a smooth morphism, we define the pull-back of 
B to W as the basic object B' = {W' , J,h,E'), with J = lOw' and E' = (Li, . . .,L^), 
where Lj = /_i(iJj), i = l,. . . ,m. 

1.6. A resolution of the basic object i? is a permissible sequence Bq -^ ■ ■ ■ -i^ Br such 
that Smg{Br) = 0. 

An algorithm of resolution (for basic objects in S) is a rule that associates to each 
positive integer d a totally ordered set A^'^-', with a minimum element 0^, and for any given 
basic object (in S) Bq = {Wo,Io,bQ,EQ) of dimension d (with Sing(Bo) 7^ 0)) functions 
as follows. In all cases, their value is 0^ outside the singular set. Otherwise, we have an 
upper semicontinuous function go : Wq -^ A'^, (taking finitely many values), such that 
Co = Max((7o) = {w G Wo : go{w) is maximum} is a permissible center. If Bi = 7{Bq, Cq) 
has Sing(i?i) 7^ and Wi = us{Bi), we have sa function gi : Wi -^ A'^, such that 
Ci = Max((7o) is a well determined i?i-permissible center, which we blow-up, and so on. 
Eventually we get in this way a permissible sequence 

(1) Bo^Bii ^Br 

We require that this be a resolution, i.e., Smg{Br) = 0. Moreover, this should be stable 
under etale base change, meaning that if B' is the basic object obtained by pull-back under 
an etale map W' — > W, then the pull-back of the sequence (1) may be identified to the 
resolution sequence of B' (and the new resolution functions are induced by the original 
ones) . In a similar way it is required compatibility with respect to change of the base field 
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k. This is called the algorithmic resolution sequence of B. Notice that if Sing(i?o) = 0; no 
resolution function (or resolution center) is attached to Bq, in this case the algorithmic 
resolution sequence of Bq is Bq itself. 

1.7. In this paper we shall work with a specific algorithm, namely that of [2] or [9]. In 
order to review the basic construction, we must recall first some auxiliary notions. 

(i) Monomial objects. A basic object B = {W,I,b,E), E = {Hi, . . . ,Hm) (in §) is 
monomial if for each w G W we have: /„, = I{Hi)°'^^^' . . . I{Hm)'^"^ , and each function 
CKj : ly — 7- Z is constant on each irreducible component of Hi and zero outside Hi. If 5 (in 
S) is monomial, we define functions Fj, i = 1,2,3, with domain W, which take the value 
Od if w ^ S" = Sing(i?) and otherwise are as follows. 

li w (z S, Ti(w) is the smallest integer p such that there are indices ii, . . . ,ip such that 

(1) ai^{w) ^ \-aipi'w)>b 

Consider, for w G S, the set P'{w) of sequences ii, . . . ,ip satisfying (1) above, and let T2{w) 
be the maximum of the rational numbers (oj^ (w) + • • • + aip{'w))/b, for (ii, . . . ,ip) G P'{w). 

If w G 5, let P{w) be the set of all sequences (zi, . . . , ip, 0, 0, . . .) such that (qj^ {w) + 
• • • + aij^{w))/b = T2{w), and define r3(ty) to be the maximum of the set P{w), when we 
use the lexicographical order. 

Finally, one defines a function F (or F^) from P^ to Z x Q x Z^ by the formula 
F(it;) = {—Ti{'w),T2{w),T3{'w)). When the target is lexicographically ordered the function 
F is upper semicontinuous. 

Let max(F3) = (ii, . . . , ip, 0, 0, . . .) and take C = Hi^ n • • -nHi^. Then, it turns out that 
C is a permissible center for the basic object B and that, if Bi = 7{B,C), max(FBi) < 
max(FB). Iterating this process, after a finite number of steps we reach a situation where 
the singular locus is empty. For details see [2], section 20. 

(ii) The functions tr- If 

(1) ^0^ ^Br 

is a sequence of basic objects (in S) and permissible transformations (where we write Bj = 
{Wj,Ij,b, Ej), for all j), we define, for x £ Smg{Br), w-ordr{x), or simply UJr{x), by the 
formula cOrix) := i'x{Ir)/b (where Ir denotes the proper transform of Iq to Wr (1-5). It can 
be proved that if in our sequence the center of each transformation is contained in Max(a;j) 
(the set of points where ujj reaches its maximum max(a;j)), then max(a;j_i) > max(c;;j), 
for j < r. 

The functions tr are defined by induction on the length r of a w-permissible sequence as 
(1) above. If r = 0, for x G Sing(i?o) we write to{x) = {uJo{x),no{x)), where no(x) is the 
number of hypersurfaces in Eq containing x. Assume that tj = {ujj,nj) was defined (on 
Sing(i?j)) for j < r and that in our sequence (1) is t- permissible. This means that each 
center Cj used in the blowing-ups is contained in the subset of Smg{Bi) where tj reaches 
its maximum value (in particular then (1) is w-permissible). Let s be the smallest index 
such that max(a;s) = max(a;j.) and E^ the collection of the hypersurfaces in Er which are 
strict transforms of those in Eg. Then, for x G Sing{Br) we set: tr{x) = {ujr{x),nr{x)), 
where nr{x) is the number of hypersurfaces in E^ containing x. A iJ^-center which is 



6 AUGUSTO NOBILE 

contained in Max(t,.) will be called t-permissible. It can be proved that in a t-perniissible 
sequence the sequence max(tj) is non- increasing. 

1.8. Equivalence We shall recall the well-known notion of equivalence of basic objects, 
essentially due to Hironaka. Aside from permissible transformations, we shall consider 
other operations that may be applied to a basic object B = {W, I,b,E), E = {Hi, . . . , Hm)- 

(a) Extensions. If B is as above and n a positive integer, let W[n] := W x A^ and 
(VF[n], /[n], 6, -E'[n]) = B[n] the basic object naturally induced (by pull-back) by B by 
means of the natural projection W x A^ —?■ W. The object W[l] is called the extension 
of B (terminology from [9]). 

(b) Open restrictions. If U is an open subset of W, the pull-back Bijj oi B via the 
inclusion U QW is the (open) restriction of B to U. 

Now we say that basic objects B = {W, I, b, E) and B' = {W, J, c, E) in S are equivalent 
if whenever 

(1) B = Bo< ^Bs, 

(2) B' = B',^---^B', 

are sequences, where each arrow stands for either a permissible transformation, an exten- 
sion or an open restriction (where if the i-th arrow of (1) corresponds to a permissible 
transformation, then the i-th arrow of (2) corresponds to a permissible transformation 
with the same center, and vice-versa), then we have: Sing(i?s) = Sing(i3^). 

1.9. Extensions play an essential role in the proof of an important result of Hironaka, 
whose ingenuous method of proof is sometimes called "Hironaka's trick," see [2], section 
21 or [4] 6.1. It says that \i B = {W,I,b,E) and B' = {W,J,c,E) are equivalent basic 
objects, then Hx{I)/b = Hx{J)/c, for all x G Sing(i3) = Sing(i?'). 

This result has the following corollary. Assume B and B' are equivalent basic objects, 
let 

(1) B = Bo< ^Bs, 

(2) B' = B',^---^Bi 

be t-sequences, where in each case we have used the same permissible centers. Notice that, 
writing Bi = {Wi,Ii,b,Ei), B'^ = {Wi,Ji,c,Ei), Ei = {Hi, . . . ,Hm,Hm+i, ■ ■ ■ ,Hm+i), 
where Hi, . . . ,Hm are the strict transforms of the hypersurfaces in Eq (and similarly 
for B'^), we have equalities 

(3) h = IiI{H„,+ifK..I{H,n+i)''' 

(4) J, = 3iI{H„,+i)< . . . I{H^+i)< 

where the exponents are locally constant. We let ti, . . . ts (resp. t'l,... t'^) be the t-functions 
of B (resp. of B'). Then, in the notation just introduced,: 

(a) ti = t'i, i = l,...,s, 

(b) ai/b = a!Jc, i = 1, . . . , s. 

An important construction (introduced in [14]) that leads to equivalent objects is that 
of the homogenized ideal, which we review next. 
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1.10. Homogeneized ideals. If VF is a scheme, a W-weighted ideal is a pair (/, 6), where 
/ C Ow is VF-ideal and 6 is a non-negative integer. 

Let (/, b) be a weighted VF-ideal. Its associated homogenized ideal is the the VF-ideal 

(1) H{I, b) = I + A(/)T(/) + • • • + A'{I)T{iy + ■■■ + A^~\I)T{I)^-^ 

where we have written T{I) := A (/). If (I, b) is a weighted ideal on a smooth scheme 
W, then A^-^(J) = A''-\H{I,b)) (see [14], 2.9). If 6 is clear from the context we simply 
write H{I). 

If B = {W, I, b, E) is a basic object in §, the basic object H{B) := {W, H{I, b),b, E) is 
the homogenized basic object associated to B. 

li B = (W,I,b,E) is a basic object, then H{B) is equivalent to B. The verification in 
case the arrow in (1) (or (2)) of 1.8 is a permissible transformation is done in [14], 2.9.2. 
Concerning possible extensions use the (easily verified) fact that, in the notation of 1.8, 
H{IOw[i],b) = H{I,b)Ow[i], whence {H{B)){e) = H{B{e)). The verification for open 
restrictions is immediate. 

1.11. Now we are in position to describe our main resolution algorithm. For the time 
being, it will be called the W-algorithm. This is discussed in [13], [2] or [9], we include it 
for completeness and to fix the notation. 

For each integer d > 1 we must indicate a totally ordered set A*^ ' and, for any given 
basic object Bq = (Wqj-^O) &0) -S'o) over k of dimension d, the corresponding resolution 
functions gj. 

This process will be defined inductively on the dimension of Bq, as follows. In the 
sequel. Si := Q x Z and §2 := Z x Q x Z'^, in all cases lexicographically ordered. 

(a) Ifdim(5o) = 1, let A^^) = {0}USiUS2U{oo}, where if a G §2 and 6 G Si then a > 6, 
is the smallest element of the set and oo is the largest one. Then we define go{x) = if 
X ^ Sing(i?o) and for w G Sing(i?o); 9o{w) = to^w). If gi is defined for i < s, determining 
a permissible sequence Bq -i^ Bi -^ ■ ■ ■ -i^ Bg we define, for w £ Sing(i?s), gs{w) = ts{w) 
if ujs{w) > and gs{w) = Ts{w) if ujs{w)0; while gsix) = if x ^ Sing(i?<j). 

In the induction step we need the following auxiliary construction. 

(/3) Inductive step. Assume that we have an algorithm of resolution defined for basic 
objects of dimension < d. Consider a t-permissible sequence of basic objects and trans- 
formations 

(1) Bo^Bii ^Bs 

Let w € Max(t<j) and suppose that, near w, dimMax(t5) < d — 2. Then, there is an open 
neighborhood U of w (in Ws = us{Bs)), a hypersurface Zg on U, containing w, and a 
basic object Bg* = {Zs,Is* ,bs*,Es*), having the following properties: 

(i)Sing(B/) = Max(t,|c/). 

(ii) The algorithmic resolution sequence corresponding (by the induction hypothesis) to 
Bs*: 

(2) B,* ^{Bs*)i^---^{Bs*)p 
(determined, say, by resolution functions gi) induces a t-permissible sequence 



(3) Bs^Bs+i^B, 



+p 
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(obtained by using the same centers Cj = MaxQi), and denoting by Bs the restriction of 
Bs to U). 

(iii) If inax{ts) = inax{ts+j) (j = 1, . . . ,p) then, for ah such indices j, us{{Bs*)j) gets 
identified to Zs+j, the strict transform of Zg to us{Bs+j) and Sing{{Bs*)j) = Max{tr+j) 
(where tj are the i- functions of the sequence (3)). 

(iv) Under the assumption of (iii) for all j = 0,...,p, if Wj G Max{ts+j) is in the 
pre-image of w (under the morphism us{Bs+j) -^ us{Bs) arising from (3)), the resolution 
function Qj of Bg* defines a function (still denoted by Qj) on a neighborhood (in Max{ts+j)) 
of Wj. Neither the neighborhood U nor the hypersurface Zg are uniquely determined by 
the process, but the value gj{wj) is independent of the choices made. 

In 1.12 we shall explain how to make these constructions. 

(7) Now, assuming the resolution functions given for dimension < d, we'll define reso- 
lution functions Qj for objects of dimension d as follows. In this case, the totally ordered 
set of values wiU be: A^ = {0^} U (§1 x A^'^"^)) U §2 U {oo^}; where Si x A^"'"^) is lexico- 
graphically ordered, any element of §2 is larger than any element of Si x A^ \ oo^^ is the 
largest element and 0^ the smallest one. In all cases we'll write gi{x) = 0,^ if x ^ Sing(i?j). 
For other values, consider first a single basic object Bq. Given x G Sing(i?o), let M(l) 
denote the union of the one-codimensional components of Max(to) := Af • Necessarily we 
have a;o(x) > and there are three cases, (a) x E M(l). Then, set go{x) = (to(a;), 00^-1). 
(b) X G M \ M(l). Take a neighborhood U oi x (in W) such that the basic object Bq 
above is defined and the function qq : Zq ^ A^'^^^) as in (iv) above (with s = j = 0) 
corresponding to Bq. Then set go{x) = (to(a^),5o(a^))- This value is independent of the 
choices made, (c) x ^ M Then set go{x) = (to{x),ood-i)- 

Assume now that resolutions functions gi, i = 0, . . . ,j — l have been defined, determining 
centers Cj = Max (gi), i = 0, . . . , j — 1, leading to a permissible sequence Bq -i^ • • • -i^ Bj, 
Bi = {Wi, li, b, Ei), i = 0, . . . ,j, j > 0. We assume that if -Bj-i is not a monomial object, 
then this is a i-sequence. 

There are two basic cases: (a) niax{ujj) = 0, (b) max(wj) > 0. 

In case (a), Bj is monomial. For x G Smg{Bj) let Tj be its F-function and set gj{x) := 
Tj{x). In case (b), let Mi{j) denote the union of the one-codimensional components of 
M(j) := Max(tj) and H the exceptional divisor of the blowing-up (with center Cj_i) 
Wj_i ^ Wj. For X £ Smg{Bj) there are three sub-cases: 

(61) X G Mi(tj) n H. Then we set gj{x) = (ij(x), ood-i) 

(62) X G (M(j) \ Mi{j)) n H (the inductive situation). Consider the smallest index s 
such that ts{xs) = tj{x), where Xs is the image of x in Sing(i?s) induced by the sequence 
above. Using the construction of (/?), applied to x^ G Ws, we obtain resolution functions 
of B*, go,gi, . . . . So, it makes sense to take gJZs{x), and it can be proved that this value 
is well-defined. We set gj{x) = {tj{x),gjZs{x)) G §1 x A'^'^^^). 

(63) X ^ H. Then, if x' is the image of x in Wj-i, set ^^(x) = gj^i{x') 

With this definition, if max((7j) > (and hence Bj is not monomial) then the center 
Cj = y\.ax{gj) is contained in Max(tj). 
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It can be proved that the sequence {m.ax{gj)} is strictly decreasing, which leads to a 
resolution of B ([2] or [9]). 

1.12. We shall explain better some details of this process, specially the crucial inductive 
step (/?) of 1.11. For this , we must review some other concepts. We follow the terminology 
of [13]. 

(q) Adapted hyper surf aces, nice objects. Let B = (W, I, b, E) a S-basic object, {E = 
{Hi, . . . , Hm) )• We say that a hypersurface Z C W is transversal to one of the divisors 
Hi at w £ Hi n Z li there is a regular system of parameters oi, . . . , a„ in Ow,w such that 
I{Z)u, = (ai) and I{Hi)yj = (02); Z is transversal to Hi if it is so at each common point. 
Finally, Z is transversal to E if it is transversal to each hypersurface in E. 

A hypersurface Z C W is adapted to B (or Z is B-adapted) if the following conditions 
hold: 

(Al) I{Z) C A (I) (an inclusion of sheaves of Ovi^-ideals), 
(A2) Z is transversal to E (in particular, Z is regular). 

If, moreover, it satisfies: 

(A3) Whenever D (resp. D') is an irreducible component of Z (resp. of V{A'^^^I)) 
then Dj^D' 

we say that Z is B -inductive. 

We shall say that B (a basic object in S) is nice if either Sing(i?) is empty or B admits 
an adapted hypersurface. 

Notice that if B (as above) is a nice basic object, then for all x G Sing(i?) we have 
i^xil) = b. A basic object having this property is called good (terminology from [9]). 

(/3) Inductive objects. If B is a nice basic object we define a M^-ideal, called the coefficient 
ideal and denoted by C(/), as follows: 

b-l 

e(/) := Y^ [A\l)f-/^-' 

i=0 

If Z is a i?-inductive hypersurface, then the coefficient ideal relative to Z, or the Z- 
coefficient ideal, denoted by Q{I,Z), is the restriction of C(/) to Z. This is a never-zero 
Z-ideal. 

The basic object Bz := {Z, 6(1, Z),b\, Ez), where Ez := {HiH Z, . . . ,Hmr\ Z), is called 
the inductive object of B, relative to the inductive hypersurface Z. 

A fundamental property of the inductive object is: Sing(i?) = Sing(i?^), and similarly 
when we consider sequences of permissible transformations based on these objects, using 
the same centers. 

(7) Consider a t-permissible sequence of basic objects Bq -(^ ■ ■ ■ -i^ Br (where {Bj = 
{Wj,Ij, b, Ej)) and a point w G Sing{Br). Then, there is a nice object B'J! = {U, I'J , b'l, E'J) 
{U a suitable neighborhood of w in Wr) admitting an adapted hypersurface Z. To con- 
struct it, introduce first a VF^-ideal Jr as follows. Let aiax{tr)={br/b,n), Ir the proper 
transform of Iq to Wr. lfbr>b let .Jr = Ir- If &r < b, write Er = {Hi, . . . , Hm, ■ ■ ■ , Hm+r) 
(where Hi, . . . , H^ are the strict transforms of the hypersurfaces that appear in £"0). Then 
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there is an expression Ir = /(-ffm+i)"! . . . I{Hm+r)"'''Ir- Set Cr = I{H„i+iY^ . . . I{Hm+rT'' 

Now, returning to B'J, [/ is a neighborhood of w such Max(tr\u) = Max(a;r-|(7) H H* D 

■■■nHlnU,El! = E+ =: {E,. \ E-)\u, I'l = (Jr + Hmf + ■■■ + I{Hlf)iu and b'l = W 

\ihr >h while b'l = 6^(6 — hr) if hr < b. 

Of course, more precisely we should rather write {Ir\jj)" and {Br\jj)" ■ 

Some properties of this object B'^, are (assuming U = Wr to simplify the notation): (i) 

Sing(5;') = Max(t^), (ii) If C7 c Max(t^) is a center , {B';:)i = 7{B';, C), Br+i = 7{Br, C), 

and max(tj,) = max(tj,+i), then {B")i = (Br+i)". 

1.13. We complete the discussion of the W-resolution algorithm of 1.11. In the notation 
of 1.11, we take as the open set U a neighborhood of w over which the nice object Bg 
of 1.12 (7) is defined, hence its (again nice) associated homogenized object H^Bj') (see 
1.11) admits an inductive hypersurface Zg containing w^ defined on U . This will be the 
Zs of 1.11. Our object S* of 1.11 will be {H{B'^))z, ■ 

In [13], 8.5, it is verified that properties (i)-(iv) of 1.11 are valid. 

1.14. The V-algorithm The algorithm discussed in [9] or [2], which will be referred to 
as the V-algorithm, is very similar to the W-algorithm. One proceeds as in 1.11, the 
only difference is that in the inductive step the auxiliary object B* is {B")z^ rather than 
{H{Bg))z,, (notation of 1.13). This looks simpler, however with this approach it is more 
difficult to check that the process is independent of the choice of the adapted hypersurfaces 
Zg we choose. In the mentioned references, this is done by re-developing the theory in 
the broader context of generalized basic objects. A key role is played by Hironaka's trick. 
Using instead the W-algorithm, one may work entirely within the class of basic objects, 
the key element being a glueing lemma discovered by Wlodarczyk ([14]), which involves 
suitable etale neighborhoods. This approach has the additional advantage that it can be 
used to generalize, to same extent, the theory to the situation where we work over an 
artinian ring rather than a field. See [13] or, for a review. Section 4. 

It seems that the V- and W- algorithms are "essentially" the same. But we may be more 
precise: they are exactly the same, in the sense that the resolution functions in either case 
coincide. We shall check this fact, but we need the following remarks. 

1.15. Here we discuss two instances of equivalent basic objects (1.8). We shall freely 
quote results from [2], [9] and [13], and omit some verifications which are rather tedious 
but straightforward consequences of the definitions. 

(a) Let B = {W, I, b, E) and B = {W, J, b, E) be equivalent nice basic objects, admitting a 
common adapted hypersurface Z. Then, Bz and Bz are equivalent. 

Indeed, Sing(i?^) = Sing(i?) = Sing(i?) = Sm.g{Bz)- Now consider transformations 
B -(^ Bi, B ■^ Bi, both with a common permissible center C and the corresponding trans- 
formations (with center C) Bz ^ {Bz)i and Bz ^ {Bz)i- Let Zi be the strict transform 
of Z to Wi := us_{Bi) = us{Bi). Then Sing((Bz)i) = Sing((Si)zJ = Sing(Si) = 
Sing(i?i) = Sing((i3)2i) = Sing((i?^)i). Take, instead, extensions. Let Z{e) := Z x A].. 
Then there are identifications {B{e))z{e) = iBz)ie) and {B(e)z(e) = (^z)(e). Since, 
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Sing(i?(e) = Smg{B{e) (by equivalence), as above we get an equality Smg{{Bz){e)) = 
Smg{{B)z){e). The verification for open restrictions is easy. Repeating, we see that Bz 
and Bz are indeed equivalent. 

(6) If B, B are basic objects such that their associated objects B" and {B)" of 1.12 (7) 
are globally defined, then B" and [B)" are equivalent. 

The proof is similar to that of part (a), using the facts that Sing(i?") = Max(t), the 
t-function is invariant under equivalence (1.9) and the following observation. 

If i? = i?o -^ • • • <— -Bg is a t-permissible sequence (with centers Ci, Bi = (Wi, Ii,b,Ei)), 
then it induces a t-perniissible sequence of extensions B{e) = BqIc) -^ ■ ■ ■ -^ Bs{e) (with 
centers C'^ = q^ (Ci), qi : us{Bi{e)) = Wi x A^ -^ Wi being the projection). Assuming, 
to simplify the notation, that B" globally defined, we have {Bs{e))" = {Bg){e). 

In the next statement, when we say "the V-resolution functions of a basic object" we 
mean the resolution functions we get when we apply to it the V-resolution algorithm, 
similarly for the W-resolution functions. 

Proposition 1.16. Let B = {W,I,b,E) be a §-basic object, {qj}, j = l,...,r and 
{Gj}, j = 1, . . . ,r' be the V- and W-resolution functions of B respectively. Then r = r' 
and Qj = Gj for all j. 

Proof In view of 1.9, the only possible difference in the definition of the V- and W-- 
resolution sequences is the the "inductive situation", i.e., in the notation of 1.11 (7), 
case (62)- We prove this case, proceeding by induction on the dimension d of B. If 
d = dim(i?) = 1 situation (62) is not present, so the functions gi and Gi agree in this 
one-dimensional case. 

For the inductive step, assume by induction that gi = Gi for i < j (in particular, for j = 
there is no hypothesis). Thus, using the algorithmic centers Gi = Ma,x{gj) = Max(Gj), 
i = 0, . . . ,j — 1, in both cases we get the same partial resolution B = Bq -^ ■ ■ ■ -^ Bj. 
We want to prove: gj = Gj. As mentioned, the only relevant case is situation (62) of 
1.11 (7) (the inductive situation). Let x G Max(tj) (which has codimension > 1). Note 
that the index s involved is the same, whether we are defining gj or Gj. Let Xg be the 
image of x in Wg = us{Bs). Take an open neighborhood U of Xs where the nice basic 
object {B\jj)" is defined, admitting an inductive hypersurface Zg. In the definition of 
gj{x) (resp. Gj{x)) we use the inductive object {Bs\ij)'' (resp. H{{B'!.),jj). Let gi and 

g'- be the V-resolution functions of {Bs\u)" r, and {H{{Bs\jj)")zs respectively, and Gi the 
W-resolution functions of {Bs\jj)" , i = s, . . .. By 1.15 , (Bs\u)"y and (H((Bs\u)")) y are 
equivalent. Now, a property of the V-resolution algorithm is that equivalent basic objects 
have the same F-resolution functions ([2], 12.5), so gi = 5^, for all i. By induction on 
the dimension, gi = Gi, i = s,.... So, gj{x) = {tj{x),gj{x)) = {tj{x),Gj{x)) = Gj{x), 
showing that gj = Gj. 

Now it is clear that r = r'. 

D 

Throughout the remainder of this article, when we mention the resolution algorithm we 
mean either the V-algorithm or the W-algorithm. By 1.16 they coincide. 
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2. Families of basic objects 
In this section, all the considered schemes are in the class S (see 1.2). 

2.1. Let IT : W ^^ T he a morphism of schemes. If vr is clear from the context, we shall 
write W^^' to denote the fiber 7r'^(t) of tt at t € T, i.e., the /c(t)-scheme obtained from 
vr by the base change Spec(/c(t)) — ?> T (the unique morphism whose image is t). Similar 
notation is used for geometric fibers. If t G T, t denotes the geometric point determined 
by the algebraic closure of the residue field k{t). 

We have a canonical morphism jt : W^^' -^ W, inducing a homeomorphism of topo- 
logical spaces W^^' ~ 7r'~^{t) C W. If t is closed, jt is a closed embedding. Often, if 
Z is a closed subscheme of W, we want to view Z n VF'*) as a scheme. This is done by 
defining ZnW^^' as jt~^{Z) (a closed subscheme of VF^*'). If t is closed, via the closed em- 
bedding jt this becomes the usual scheme-theoretic intersection of VF'*) and Z (as closed 
subschemes of W). Note that always the fiber W^^' may be identified to a certain closed 
fiber. Namely, let T{t} := Spec {OT,t), W{t} = W XTT{t} (where T{t} ^ T is the 
natural morphism sending the closed point t' of T{t} to t) and ft : VF{i} — > ^{t} the 
second projection. Then, VF^*) can be identified to ft^ {t') (the only closed fiber of ft). 
We also have a canonical morphism j\t} : W{t} — > W (the first projection). Note that 

there is a canonical isomorphism between Z n W^^' := j^ and j{t}~^{Z) n ff {t') (a 

scheme-theoretic intersection of closed subschemes of VF{t}). So, using these identifica- 
tions, in many arguments there is no loss of generality in assuming that in an intersection 
Z n ly'*) as above the point t € T is closed. 

2.2. Let vr : W^ ^- T be a smooth morphism of schemes and w a point of W, t = tt{w), 
R = Ow,w, R' = Oy^{t) yj (the local ring of the fiber W^^> at w, which is regular). 

(a) A system of elements ai, . . . , a„ in i? is called a regular system of parameters of R, 
relative to tt (or a T -regular system of parameters, or an A-regular system of parameters, 
if T = Spec(^)) if the induced elements a\\...,an in R' form a regular system of 
parameters, in the usual sense, of the regular local ring O^^^t) ^. Elements ai, . . . , a,, of i? 
are part of a T -regular system of parameters, or a partial T -regular system of parameters, 
if they are contained in an T-regular system of parameters ai, . . . , a„, r < n, of R. Then 
necessarily ai, . . . , a,, is a regular sequence in the local ring Ow,w (this follows from [13], 
10.2). 

(b) A T-hypersurface of W is an effective Cartier divisor H oi W such that, for all 
w £ H, the ideal I{H)yj is generated by an element a of Ow,w where {a} is a partial 
T-regular system of parameters. Such a scheme H is smooth over T (see [13], 11.2). 

(c) Let E = (Hi, . . . , Hfn) be a finite sequence of relative effective Cartier divisors of W 
(relative means that the divisor is flat over T). We say that E has (or Hi, . . . , Hm have) 
normal crossings, relative to tt (or to T, if it is clear) if, for any point w G if i U • • • U 
Hm, there is a T-regular system of parameters ai, . . . , a„ of Ow,w such that, for each Hi 
containing w, the ideal I{Hi)w is generated by a suitable element Oj, j G {1, . . . ,n}. In 
particular, each Hi is a T-hypersurface. 

(d) A closed subscheme C of M^ is said to have normal crossings with E (relative to 
T) if for any point vu € C, there is a T-regular system of parameters oi, . . . , a„ of Ow,w 
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(see 2.9) such that the stalk I{C)w is generated by {ai, . . . ,ar)Ow,w (for some r < n) 
and for each Hi containing w, the ideal I{Hi)u) is generated by a suitable element aj, 
j € {1, . . . ,n}. In particular C is locally defined by a regular sequence (see [13], Lemma 
11.2). The possibility that -E = is not excluded. 

It can be proved that the induced projection C ^^ T is smooth, and the blowing-up Wi 
of W with center C is also T-smooth (this follows from [13], 11.2). 

Now we recall a basic result on blowing-ups which involves regular sequences. A proof 
can be seen in [13], Proposition 11.7. 

Proposition 2.3. Let f : X ^ T be a morphism of schemes, C <Z X a closed suhscheme, 
flat over T, J = I{C), such that Jx C Ox,x is generated by a regular sequence , for all 
X ^ C . Let T' ^ T be a morphism, X' = X x^ T' , p : X' —?■ X the natural projection, 
C' = C Xt T' = p^^{C), Xi -^ X and X[ — )■ Xi the blowing-ups with centers C and C' 
respectively. Then, there is a natural isomorphism X[ = Xi Xx X' 

Definition 2.4. A family of basic objects in S (or an §-family of basic objects) parametrized 
by a scheme T is a four-tuple 

(1) 'B = {7::W ^T,L,b,E) 

where tt is a smooth, surjective morphism of schemes, / is a M^-ideal, b is an integer and 
E = {Hi, . . . ,Hm) is a finite sequence of relative effective Cartier divisors of W having 
normal crossings (relative to T) such that for all t G T the fiber J*-*^ := LO^r{t) is a never- 
zero W^^' ideal and -E'*^ = {H^ , • • • , Hm) is a sequence of distinct regular hypersurfaces 
of W^^' (necessarily having normal crossings). 

For allt £T we may define the fiber at t: [S]^*^ := (VF^*),/^, 6, ^W) (as weh as the 
geometric fiber [S]^*^), which is a basic object in S. Often we shall write B^^' to denote 
the fiber [B]^. 

A family of basic objects parametrized by T will be also called a basic object over T, or 
a T-basic object or, if T = Spec A (A a ring) an A-basic object. 

If "B is as above, W is the underlying scheme of the family B, we denote it by us('B). 
The dimension of B, dim (3), is the dimension of the scheme us('B). 

2.5. In case T is regular (and hence also W is so, because tt is smooth) we may rephrase 
Definition 2.4 as follows. A family of basic objects in S parametrized by a regular scheme 
T is a four-tuple 23 = (tt : VF — )■ T, /, 6, £") where vr is a surjective smooth morphism of 
schemes, / is a never-zero W^-ideal, b is an integer and E = {Hi, . . . ,Hm) is a finite 
sequence of hypersurfaces (of the regular scheme W, see [2], Definition 2.1) having normal 
crossings such that for all t G T the fiber J*-*) := /O^^(t) is a never-zero W^^' ideal, and 
£'(*) = (_ffj , . . . , Hm) is a sequence of distinct regular hypersurfaces of W^*' with normal 
crossings. 

In this case, the four-tuple B = {W, I, h, E) is a basic object (in the sense of 1.3), called 
the basic object associated to B and denoted by aso{'B). 

2.6. Localization. Let !B be a family (as in 2.4), t (z T, R = OT,t, S = Spec (i?) and 
f : S ^ T the natural morphism sending the closed point s of S* into t. By pull-back, "B 



14 AUGUSTO NOBILE 

induces an S'-basic object 23 5, called the localization of S at t. Note that we may identify 
[S]^ ' = ['Bs] ■ This allows us to assume in many discussions on fibers, without loss of 
generality, that the fiber is taken at a closed point of T. 

2.7. (a) With the notation of 2.4, if C C VF is the irreducible closed subscheme of W 
defined by the VF- ideal J C Ow, we shall say that the order of / along C is > m, written 
1^(1, C) > m, if / C J"^. If m is the largest interger that works, we write i^(/, C) = m. For 
C reducible, iy{I, C) := max{zy(/, D) : D is an irreducible component of C}. 

(b) A permissible center of the T-basic object (1) (or a !B-center, or just a T-center, if 
23 is clear) is a closed subscheme C oi W which has normal crossings with E (relative to 
T) and such that for every irreducible component D of C, v{I,D) = v{I^^' ,D^^') > b for 
all t € T. 

For C irreducible as above, the inequality z^(/'*\C'*^) > u{I,C) is always valid. If C 
satisfies simply the equality iy{I, C) > b, we might call call C a weakly permissible center. 
We shall not use this concept in this article. 

2.8. If !B = (tt : W ^ T,I,b, E) is an T-basic object, C a T-permissible center for !B 
and q : Wi -^ W is the blowing-up of W with center C, then (generalizing 1.5) we may 
consider several H^i-sheaves induced by /, namely: (i) /{ = lOwi (the total transform of 
/ to Wi), (ii) /i := £ I[, where £ defines the exceptional divisor of vr (the controlled 
transform of / to Wi), (iii) Ii := £~"'I'i, with a as large as possible (the proper transform 
of /.) If C is not connected, the exponent a is constant along p~^(C"), for each connected 
component C of C, but not necessarily globally constant. 

The four-tuple 23i := (tti : Wi -^ S, Ii,b, Ei), where tti = nq, /i is the controlled 
transform of / and Ei = {H[, . . . , H'^, H'^^-^), with i^^+i the exceptional divisor and 
H^ the strict transform of Hi (defined by {I{Hl^_^_l))~^I{Hi)Owl), i = I, ■ ■ ■ ,m, is a new 
T-basic object, called the transform of the T-basic object 23 with center C. The process of 
replacing a basic object 23 by its transform 23 1 (with a T-permissible center C, as above) 
will be called the transformation of 23 with center C, indicated by 23 ^— 23i, if C is clear. 
Sometimes we let T(23, C) denote the transform of 23 with center C. 

One may verify that the transform of a T-basic object with a 23-permissible center over 
T induces the transform of the fiber B^^' with center C*-*-* := C fl W^^', for all t £ T. 

Moreover, working with proper transforms, /i = /('^i, for all t £T. 

A sequence of T-basic objects 23o <— • • • -^ 23^ is T- permissible if 23j_|_i = 'J(23j,Cj), 
where Cj is a 23j-center, i = 0, . . . , r — 1. 

Such a sequence is called an equiresolution of 23o if Sing([23r.]'*^) = 0, for all t G T. 

2.9. Consider a family of basic objects 23 = (tt : W —?■ T,I,b,E), with T (and hence W) 
regular. Let B = (W, I, b, E) be the basic object associated to the family 23 and 

(1) B = Bo< ^ Br 

(we write Bi = (Wi,Ii, b, Ei)) the algorithmic resolution of B, obtained via resolution func- 
tions go, ... , gr-i, which gives us resolution centers Ci := Max{gi) C Wi, i = 0, . . . , r — 1. 
Let qi : Wi ^ Wq = W he the composition of the induced blowing-up morphisms fi : 
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Wi — )■ Wi^i, TTj := nqi :Wi^T and pi : Ci ^ T the restriction of ttj to Cj, i = 1, . . . ,r. 
For any point (or geometric point) t of T let 

be the algoritmic resolution of the fiber B^^' , obtained via resolution functions g^ , . . . ,gy_i, 

which determine algorithmic resolution centers C^ = Max((7j- ), i = 0, . . . , r^ — 1. 
Throughout the remainder of this section we shall use the notation just introduced. 

2.10. Given a family S as above, if a; G Sing(i?) then x G Sing(i?''*)) (with t = 7^{x), B = 
aso{'B)). The converse is not always true. For instance, we have the following example 
(see also Examples 2.18 and 2.19). 

Example. Consider the T-basic object B = (W — > T, 7,3,0), where W ^s- T corresponds 
to the inclusion of polynomial rings (over a field k) k[t] C fe[t,x], and / to the principal 
ideal {tx + x^). If B(°) is the closed fiber, then Sing(S) = but Sing(S(°)) = V{x) / 0. 

So, we introduce: 

Condition (R). A family !B, as in 2.9, satisfies condition {R) if, for all t € T, x G W^^\ 
we have x G Sing(i3) if and only if x G Sing(i?'*^). 

This means: if v^{I) < b then J^^ (/(*)) < b, for all x G W^^^\ t G T. 

2.11. Here is a situation where T-regular systems of parameters (2.2) appear naturally. 
With the assumptions and notation of 2.9, consider the sequence (1) and assume the 
induced projection po : C = Cq ^- T is smooth. Since C is regular, given it; G C we 
may find a regular system of parameters oi, . . . , a^ of Ow,w such that, for some n < d, the 
elements ai, . . . , a„ induce a regular system of parameters of Oyy(t) ^ = Ow,w / f{OT,t)Ow,w 
(with t = 7r(tf)); moreover ai,...,ar, for some r < n, generate I{C)w C Ow,w and 
I{H)w = (oj) for each hypersuface H in E containing w, for a suitable i. Thus, ai, . . . , a^ 
are part of a T-regular system of parameters and C has normal crossings with E, relative 
toT. 

The fact that oi, . . . , a^ is a regular sequence implies: if 7{B, C) = Bi = {Wi,Ii, b, Ei), 
then TTi : Wi ^ T is again smooth (see [13], Proposition 10.5). It is easily checked that 
^1 = (tti : Wi — > T,Ii,b, El) is a T-basic object. If the induced projection Ci ^s- T 
is again smooth, we may repeat the process. Thus, if Cj — ?> T are smooth, i = 0, . . . ra, 
from the sequence (1) we obtain we obtain T-basic objects Bj = (ttj : Wi -^ T,Ii,b,Ei), 
i = 0, . . . ,n. 

This observation and 2.10 motivate the following notion. 

Definition 2.12. Conditions (An). Here we use the notation of 2.9 and 2.11 and we 
assume T is regular. A family of basic objects 23, whose associated basic object B has 
the sequence (1) of 2.9 as algorithmic resolution, satisfies condition An, < n < r if, for 
i = 0, . . . ,n, (i) the induced morphism pi : Ci —?■ T is smooth and surjective and (ii) "Bi 
satisfies condition (R), i = 0, . . . ,n. 

Remark 2.13. (a) If 23 = (W -^ T,I,b,E) is a family of basic objects (as in 2.9), 
then its restriction to a suitable open dense subset of T is such that all the projections 
Ci ^ T (notation of 2.9) will be smooth. This is a consequence of the Generic Smoothness 
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Theorem ([10], page 272). Using it, we find an open U in T such that over U all the 
necessary projections are smooth. 

(b) If !B is a family as in (a), then its restriction to a suitable open dense subset of T 
will satisfy condition (R). To check this fact we may assume that T is irreducible. We 
may find an affine open set U oiT, U = Spec (D), with D a suitable integral domain, and 
a covering of 7:'^{U) \ Singi? C H^ by affine open sets Wl = Spec (Gj), i = 1, . . . , g, with 
the following properties: (i) Gi is a finitely generated D-algebra, say Gi = D[xi, . . . ,Xn], 
such that the generators xi, . . . ,Xn induce on Ow,z a T-regular system of parameters , for 
each closed point z € Wl (we use the fact that vr is smooth), (ii) for each i, the restriction 
of / to Wl corresponds to an ideal (/i, . . . , fm)Gi so that fi = Yl CLaX^'^ • • • a;„"", Ua & D 
for all a, where for some coefficient a^(j) / 0, /?(i) = (/3i, . . . , /?„) we have /3i + • • • + /3„ < b. 

Let Vi = U \ y(a^(j)) and V = Ui=i ^- Then F is a dense open set in T satisfying the 
requirements. 

(c) As a consequence of (a) and (b), there is an open dense subset G of T such that the 
restriction of 23 to G satisfies condition Ar-i (and hence {An), for all < n < r). 

2.14. Sometimes, given a family S we want to compare values of the resolution functions 
gi of B (the basic object associated to S) and those of the resolution functions g^ of 
the fiber _B(*) at t £ T. A problem is that if x £ VF^*) C W then gi{x) G A^^^^ while 

gl (x) G A^ *•* (where d and dt are the dimensions of W and W^^' respectively). We may 
circumvent this difficulty as follows (see [8], 1.13 (3)). 

If Bq = (Wo —7- Spec {k),Io,b, Eq) is a basic object in S, consider the basic object 
Bo[n] = {Wo[n],Io[n],b, Eo[n]) of 1.8. Recah that Wo[n] := Wq x^ A^, let p : Wo[n] -^ Wo 
be the first projection. Note that the fiber p~^{x), x £ Wq, is isomorphic to A^. x. Take 
the algorithmic resolution 

(1) Bo^Bii ^Bs 

of Bq, obtained by means of resolution functions Hq, . . . , hg-i- This resolution induces by 
pull-back via p a resolution 

(2) Bo[n] ^ {Bo[n])i i ^ (5oN)s 

of i?oM- A feature of the V-algorithm we are using is that (2) is the algorithmic resolution 
of BqIu] (having resolution functions hnfl, • • • , hn,s-i)- Note that us((i?oN)i) = ^i Xfe A", 
Wi = us{Bi). Let Pi'.WiXk A" — ^ Wi be the first projection. 

Now, if X G Wi, write hi[n]{x) := hn,i{x), where x is the generic point of the fiber 
Pi^^{x) = Aw^w Thus, by replacing the value hi{x) by hi[n]{x), we have a natural way 
to view, by means of this "shifting" process, the values of the resolution functions of Bq 
as elements of A'^"'+'^) {d = dim Wq). 

So, to compare values of gi and g\ we use instead g^ and g\ [d — dt] respectively. Often, 
to simplify, when the meaning is clear from the context we simply write g] (x) to denote 
gf[d-dt]{x). 

2.15. The algorithm we are using (i.e., the V-algorithm) has the following property. We 
use the notation and assumptions of 2.9, so 2.9 (1) is the algorithmic resolution of B. Then 
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if X € Smg{Bi^i) and fi{x) ^ Cj, we have (7j+i(x) = gi{fi{x)). From this the following 
statement is proved. Let = ai,i < • • • < m^mi be the set of values of the resolution 
function gi and Si^m- = {x G Sing(i?j) : gi{x) = ai^m } (which is a regular locally closed 
subscheme of Wi). Then, if x € Sij, there is an index s > i, a point x' G Sing(i?s), 
neighborhoods U oi x (in Sij) and V of x' (in Cg) respectively, such that the natural map 
Wg —?■ Wi induces an isomorphism V ^>- U . 

From this observation it follows that if all the centers Cj (in 2.9 (1)) are smooth over 
r, then all the projections S'jj -^ T are smooth. 

2.16. We review some results from [8], Section 6. 

(a) Consider a family 23, as in 2.9, with T regular, let B = Bq = {WQ^Io^b^Eo) := 
aso(23). Let t be a closed point of T, consider the algorithmic resolutions (1) and (2)t 
of 2.9. We know that the fiber B^^> is a new basic object. Alternately, we express this 
fact by saying that 23 is 0-compatible with the algorithm at t (or just 0-com.patible at t). 

If, moreover, (i) Cq is transversal to Wq and (ii) Cq = Cq (1 Wq , we say that S is 
1-compatible with the algorithm at t. In this case, the blowing-up W^ of Wq with 
center Cq may be identified to the fiber at t of the blowing up Wi of Wq with center C. 
Indeed, by (i) at each point x G CoPlWo the projection Cq ^ T is smooth, hence I{Co)x 
is generated by a regular sequence, so we may use Proposition 2.3. If Ci is transversal 
to Wi and C[ = Ci n W^ , we say that 23 is 2-compatible with the algorithm at t. 
Iterating, we define the notion "23 is s-compatible with the algorithm at t, for any index 
s such that < s < r". We say that 23 is s-compatible with the algorithm (or just s- 
compatible, if this is clear) if for all t G T the localization of 23 at t is s-compatible with 
the algorithm at the closed point. 

If 23 is s-compatible with the algorithm at t and, in addition and after identifications 
already discussed, Smg{Bj) n W^ = Smg{B^ ), j = 0, . . . , s, we say that 23 is strongly 
s-compatible with the algorithm at t. If this holds for every t (z T we say that 23 is strongly 
s-compatible. 

(b) The proof of Theorem (6.4) of [8] shows that if 23 (as above) is (7-compatible with 
the algorithm at a closed point t (z T and x G Wr n Sing(i?r) (Wr is identifiable to a 
closed subscheme of Wr), then gq{x) < gq (x) with equality if and only if Sqj n Wq is 
transversal at x (see 2.15). If 23 is strongly r-compatible then the same formulas hold, 

more generally, for every x G Wr (see 2.17) 

From this (using the observations of 2.6) similar results follow at each point t G T, 
closed or not, provided 23 is compatible (or strongly compatible) with the algorithm. 

Remark 2.17. The statement of Theorem 6.4 in [8] is not correct. The given proof shows 

that the conclusion is valid only if we assume that x G Sing(i3r) H Wr ■ The examples 
that follow, due to S. Encinas, show that the claimed equality may fail if x ^ Sing(i?r). 
If we add the condition that Smg{Br) n Wr = Sing(i?r ) (that is, strong compatibility) 
then the equality is valid as stated (since grix) = <^ x ^ Sing(i3r), similarly at the fiber 
at t). 
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(*) _q;.„^r(*)^ 



In case 6 = 1 in our basic object, the condition Smg{Br)r)Wr = Smg{Br ) is automatic. 
Indeed, then x ^ Sing(B^) ^ J^ = Ow,x ^ Jx^ = 0^(t) -^ x i Sing(B^*^). So, if 5 = 1, 
Theorem 6.4 of [8] is correct as stated. This is the only case where that theorem is apphed 
in the article [8]. Indeed, it is used for objects of the form {W^ J, 1, E), which correspond 
to families of ideals (see section 7). So, this necessary change in the statement of Theorem 
6.4 does not affect the results of [8]. 

Example 2.18. Let B = {W — )■ T, J, 2, 0), where W ^ T \s induced, by taking spectra, 
from the inclusion of polynomial rings k[t\ C k[t, x, y] (where, say, k is the complex num- 
bers), / = (x^+ty^). Then, with the origin (t) of T = A^bW = (Spec (/c[x,y], (x^), 2, 0), 
Sing(i?''*^) = V{x), Sing(i?) = V{x,y). Any closed point z = {t,x,y) = (0,u,0) with u ^0 
is in Sing(i?('')) but not in Sing(i?). Hence, go{z) = but g^ (z) > 0, although "B is 
(vacuously) 0-compatible with the algorithm. 

Example 2.19. Let !B = {W — > T, J, 2, 0), where PT — )• T is as in 2.18 and J corresponds 
to the ideal {x^y^ + tx^). Here, B(°) = {Spec{k[x,y],{x^y^),2,(D). The T-basic object 
23 is 1-compatible. Indeed, max((7o) = niax(5(Q ) = (4/2, 0, 1,0, oo) and we have Co = 
Max(5o) = V{x,y) C Spec (A;[t,x,y] = W, while C^*^ = Max{g^Q^) = V{x,y). So, (7^*^ = 
Cq n Wq , the intersection being transversal. 

Transform with center Cq. Working in the relevant affine open of Wi (the blowing-up 
of W) and using, to simplify, still t, x, y to denote the coordinates, we have the controlled 
transforms Ji = y^(a:^ + ty"^) and jj = (y^x^); here y defines the exceptional divisor. 
ThenSing(Ji,2) = y(y), Sing(jWi) = y(^)uF(y). If z (lying over t G T) is in y(x)\y(y) 
then5W(z) = (2,0,oo) > but gi{z) = 0. 

2.20. Here we discuss situations that insure compatibility with the algorithm. Consider 
a family "B as in 2.16, whose notation we retain. 

(a) As mentioned, S is always 0-compatible. Assume now "B satisfies condition Aq. Then 
B satisfies (R) and hence, for all t G T, Sing(5) n VF^*) = Sing(5(*)) and B is strongly 0- 
compatible. Also, Cq is smooth over T, which is equivalent to saying that, for all t (zT, Cq 
is transversal to the fiber W^*' . By the strong 0-compatibility that we have, 2.16 (b) implies 
that go{x) = gf^ , for each x G 1^^°). It easily follows that Max(5(o) n W^^^ = MayL{gf^), 

i.e., Co n Wq = Cq . Thus (if r > 1) we have 1-compatibility. Assume now that {Ai) 
holds, i.e., Ci is smooth over T, and (in the notation of 2.11) 23i satisfies condition R. 

Then we also have strong 1-compatibility. Proceeding as above, we see that gi{t) = g\ (x) 

for each x G W[ and Ci n VFJ = C| , moreover if r > 2 we have 2-compatibility. If (^2) 
(and hence {R)) holds, we have strong 2-compatibility. Repeating this process we see that 
if B satisfies condition {Aq) then, for i = 0, . . . , (7, we have strong i-compatibility. Hence, 

gi{x) = g\ (x) for each x lying over t and Ci n W^ = C^ , i = 0, . . . ,q. 

(b) Similarly, assume B is such that 50 (x) = g^ (x) for each x G Wq . By 2.16 (b), this 
implies that Cq is transversal to Wq and hence that Cq is smooth over T. As in (a), we 
see that Cq = Cq fl Wq ' , hence B is 1-compatible. If gi{x) = g[ '{x) for each x G W{ ' , 
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again Ci is smooth over T and, as in (a), we have 2-compatibihty. Repeating, and using 

th identifications of 2.16 (a), it makes sense to write gi{x) = g\ {x) for each x G W^ , 
i < r and, if this is vaHd, then Cj is smooth over T for all i. 

(c) The discussion of (a) together with 2.13 (c) show that a T-basic object !B as above 
(with T irreducible) is always compatible with the algorithm at the generic point of T. 

Definition 2.21. Conditions (Fn). A family S (as in 2.9) satisfies condition (F„) (where 

< n < r) if for all x G Wj"% we have gi{x) = g- (x), < i < n. Here we use the 

conventions of 2.14 (i.e. we view g^ as a function with codomain A' \ d = dim(!B), for 
all i) and the remarks of 2.20 (b). 

The discussion of 2.20 may be summarized as follows. 

Proposition 2.22. Conditions (An) and (Fn) are equivalent. 

2.23. Here is an important example of a T-permissible sequence (see 2.8). We work with 
the notation and assumptions of 2.9. In particular T is smooth, B is the basic object 
associated to S, (1) of 2.9 is the algorithmic resolution of B. Assume "B satisfies condition 
(Aq-i), in particular the projections pi : Ci ^>- T are smooth, for < i < g < r. Let 
^i = {t^i '■ Wi -^ T, li, b, Ei). We claim that each Ci is a Bj-center, i = 0, . . . , (7 — 1. Thus 
using these centers we obtain a T-permissible sequence Sq ^— • • • ^ 23^. If g = r, this is 
called the T-sequence associated to the resolution sequence of B. 

To verify this assertion, all we must check is that u{Ii,D) = v{I^ ,D^^') > b, for each 
irreducible component D of Ci, i = 0, . . . ,q — 1, t (^ T. If i = 0, this follows from the 
the fact that go{x) = {ujo{x),nQ{x)) = {vx{I)/b,nQ{x)) (similarly for g^ {x)) and that 

go{x) = gQ \x) for all x G W^o , ^ ~ '/r(x). Indeed, this is true because (yl„) (with 
n = q — 1) holds, and hence (by 2.22) {Fn) is also valid. For i > 0, one uses again the 
equality gi{x) = g- (x) (a consequence of (F„) and Proposition 5.3 of [13], which relates 
the transforms /j and /j. 

Remark 2.24. The assumptions and notation are those of 2.9. For all t G T, we always 
have Pq (t) = Cq HW^^' (scheme-theoretic intersection), where pq : Co ^)- T is the induced 

projection. Suppose that, in addition, Cq n W^^' = Cq (the zero-th center of the algo- 
rithmic resolution of the fiber B^^'), for all t G T. We claim that this implies that Cq is 
flat over T. 

To verify this statement, by the fact that both Cq and T are regular, by [12], page 179 
this will be true if for every t (z T, the dimensions of the generic fiber of the projection 
Po : Cq ^ T and of p^ (t) agree. Now, p^ (t) = Cq fl W^^\ by our assumption this 

equals Cq . Moreover, by the regularity of the center Cq , this intersection is transversal 
and so, by 2.15, g^ (w) = go{w), for any point w £ Cq (where gQ and go are zeroth- 
resolution functions of B^^' and B respectively). Now, since by 2.13 (a) the restriction of 
23 to a suitable non-empty open set of T satisfies condition (Ar-i), and hence, by 2.22, 
condition (Fr-i), the zeroth-resolution function Pq ' of the generic fiber iy(") satisfies 
gQ (z) = go{z), for any z £ CqH W^"^' (n is the generic point of T). Since go is constant 
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along Co = Max((7o), 9 (w) = 9 (z). By a property of the V-algorithm, the fiber 
Pq (t) = Cq and the generic fiber Pq (u) = Cq fl W^^^ = Cq are equidimensional, of 
the same dimension. Thus, the projection Cq — > T is fiat at any point of Pq" (t). Since t 
is arbitrary, pq : Cq ^^ T is flat. 

Let Si = T('B, Co) be as in 2.11 (hence Bi of 3.1 (1) is the associated basic object 
to the family Si). Then, for all t G T, by 2.3 (in case T' C T is the inclusion of 
the point t £ T) there is an identification of {B^^')i and ['Bi]'-*^ (the fiber of !Bi at t). 
In particular, W^ = us{{B^^')i) may be identified to ir^ (t) (a subscheme of Wi) and 

P2 (t) = Ci n W{ . Assume Ci n W} = (C*-*'*)i, the first resolution center in the sequence 
(2)j in 3.1. Reasoning as above, we conclude that Ci ^- T is flat. So, if S2 = T('Bi,Ci), 
then {B^'^')2 can be identified to (i?2) , for all t £T, and so on. 
With these identifications the following definition makes sense: 

Definition 2.25. Conditions (Cn)- A family S (as in 2.9) satisfies condition (C„) (with 

< n < r) if, for all t G T, in the sequence (1) of 2.9 we have Cifl W^ = C^ , z = 0, . . . , n, 

where C\ is the i-th center used in the resolution (2)^ of 2.9 (identified to a subscheme 
of ns(23j) as in 2.24). Here the intersection is in the scheme-theoretic sense, hence equal 

to pT\t). 

3. Some notions of algorithmic equiresolution 

3.1. Throughout this section we make the following assumptions: 

(i) all the schemes are in the class S (see 1.2). 

(ii) The algorithm will mean the V-algorithm of resolution for basic objects in S (or, 
equivalently, the W-algorithm, see 1.13, 1.14 and 1.16). 

(iii) All the families of basic objects that we shall consider will be parametrized by a 
regular scheme. 

We work throughout with a family !B = {W — ?• T,I,b,E), T regular, with associated 
object B. We shall use the algorithmic resolutions (1) and (2)^ of 2.9. 

We intend to introduce several possible notions of algorithmic equiresolution on such a 
family "B. 

Definition 3.2. Condition (A). We say that 23 satisfies condition (A) if: (i) S satisfies 

condition ^r-i (see 2.12, r is as in (1) of 2.9) and (ii) Smg{Br ) = 0, for all t G T. 
Part (ii) is equivalent to the assertion that 23^ satisfies condition (R) (see 2.10). 

3.3. Part (ii) of the previous definition does not follow from (i). For instance, take 23 = 
{W -^ T, {tx + x^), 3, 0), with W = Spec {C[t, x]),T = Spec {C[t]). Since Sing(aso(S)) = 
0, part (i) is vacuously satisfied here, but Sing(i?'''^^) 7^ 0. 

Definition 3.4. Condition (F). A family !B satisfies condition [F) if: [i) "B satisfies 
condition (F,._i) (see 2.21) and (ii) for all t G T, in (1) and (2)t of 2.9 we have r = Vf. 

Definition 3.5. Condition (C). A family 23 satisfies condition (C) if: {i) it satisfies 
condition Cr-i (see 2.25) and {ii) r = rt for alH G T (notation of 2.9). 
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Proposition 3.6. Conditions (A), (F) and (C ) are equivalent. 

Proof. We already saw (in 2.22) that (^r-i) ^ {Fr-i) (notation as in 2.9). So, if {A) 
holds, part (i) of condition {A) implies that {Fj—i) is valid. Since x G Sing(i3'*)) if and 
only if Qq (x) > 0, this implies that the length rt of the algorithmic resolution of the each 
fiber B^^> must satisfy rt > r, for all t ^T. But (ii) in condition {A) implies that rt must 
be exactly r, for all t ^T. Thus, part [ii) in Condition [F) also holds. 

Conversely (ii) in condition [F) clearly implies that Sing(i?f ) = 0, i.e., {ii) in condition 
[A). This proves the equivalence of {A) and {F) 

The implication (F) =^ (C). Use the notation of 2.15. By 2.16 we see from our hypoth- 
esis that Co = S'cmo C Wq is smooth over T. Moreover, for any t € T, the intersection 
Co n W^'^' is transversal, hence this is regular scheme (in particular reduced). Since C^*' 
is also regular, to check the equality of schemes Co n W^^' = C^*' it suffices to check the 
equality of underlying sets, and this easily follows from our assumption (F). Since Co is 
smooth over T, the basic object Bi induces, as in 2.11, the family "Bi = T(!B, Co), and we 

may use the same argument as before to get Ci n W^ = C| and the smoothness of Ci 
over T. Iterating, we see that condition (C) holds. 

The implication (C) => (A). We prove first that the morphism po : Cq —^ T is smooth. 
Since both T and Co are schemes over a field of characteristic zero it suffices to show 
that: (a) po is flat and (b) the fibers are regular schemes. Since both C and T are regular 
schemes, to verify the flatness it suffices to verify that all the components of non-empty 
closed fibers have the same dimension (see [12], page 179). But for a closed point t of T, 
Po (*) — '^oC^ Wq (scheme-theoretic intersection) , and by assumption this is equal to Cq 
(the zero center of the algorithmic resolution (2)t of 2.9). We know that this is regular, 
so (b) above is verified. Moreover, the regularity of the intersection forces Co and Wq to 

meet transversally at each common point. Thus, by 2.15, for all x G Cq , ^q (x) = go{x), 
which must be equal to max (go)- But it is known that the dimension of the component 

of Cg containing x is determined by the value (/q (x). Thus, the equality just gotten 
implies that all the components of fibres p^ (t) have the same dimension, i.e., (a) above 
is valid. So, po is smooth. 

As in 2.15, the basic object Bi = T(i?,Co) (in (1) of 2.9) determines a family Si = 

{Wi — ^ T, Ii,b,Ei), with TTi the composition Wi — )■ VF — )■ T. We may repeat the argument 

above (using the equality p^ (t) = Ci fl W^ = C} , with pi the restriction of vri to Ci) 
to obtain the smoothness oi pi. Iterating, by the assumed validity of condition (C), we 
get: Pi is smooth, i = 0, . . . , r — 1. 

Now we check that "B satisfies condition (R). Let x € VF \ Sing(i3), t = it{x). We must 
show: X G VF(*) \ Sing(i?(*'). We may assume t is a closed point. Let x € Sing(i3(*''), 
i.e., X G S^J, a > (notation of 2.15). There is an index j and a point Xj G Wj such 
that, locally, S^J is isomorphic to the algorithmic center C- C Wj (near Xj). But, 
were x ^ Sing(i?) then Xj is not in Smg{Bj) and hence Xj G Cj C Smg{Bj). Thus 
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Cj n W^ / Cj\ contradicting condition (C). Thus, by 2.23, Cq is a permissible T- 
center. In a similar way, we prove the "Bi = 7(2, Co) satisfies condition [R). Iterating, we 
see that 23 j satisfies condition {R), < i < r. So, this discussion, together to the previous 
one, shows that condition (^^-i)) i-e-, part (i) of (A), holds. Part (ii) of condition (A) is 
clear. Thus, (C) =^ (A) is proved. D 

In the next condition we need certain auxiliary functions (see [8], 2.2). Given a family 
!B (as in 3.1), if t G r let Cj(i) denote the number of irreducible components of Q (the 
i-th center of the algorithmic resolution of the geometric fiber B^^>). Write 

rs(t) := (max(5(^*^), co(t), . . . , max(gW)^ c^t (t), oo, oo, . . .) 

where oo is the maximum of A^'^*-', dt = dim W^^> . 

Definition 3.7. Condition r. A family of basic objects S parametrized by T € S (not 
necessarily regular) satisfies condition r if the function r^ is locally constant. 

Since r^ is upper-semicontinuous, the requirement in condition r simply means that r^, 
restricted to each connected component of T, is constant. 

Remark 3.8. li q : C ^ T \s a, smooth, proper morphism of noetherian schemes, with T 
integral, then c(t), the number of irreducible components of the geometric fiber at t G T, 
is independent of t. A proof of this result is found in [8], (2.5) (iii). 

Proposition 3.9. Let 'B be a family, assume all the projections Ci ^ T are proper 
morphisms. Then "B satisfies condition (A) if and only if it satisfies condition (r) . 

Proof. The implication (A) =^ (r). We know that (A) implies condition (F). Hence rt = r 

for all t € T and the sequence {u\ax{gQ ),..., vo.ax{gr )) is independent of t G T. Now 
we have to check that the sequence (co(t), . . . ,Cr(t)) is constant. Since by condition (C) 
(valid, because it is equivalent to (A)) we have that p^ (t) = C\ for all t G T. Then 3.8 
implies that Ci{t) is independent of t. This proves the desired implication. 

The implication (r) => (A). Since (A) <^ (F), we prove that (r) <^ (C). First we shall 
verify the following facts about the family Sq (we use the notation of 2.9). 

(oo) max (5(0)= max ((7q ), for all t in T. 

(60) po : Cq ^ T is smooth. 

(co) Co intersects M^(*) transversally, and Co n W^*^ = C^*\ for aU t £ T. 



Proof of (ao). Let z be the generic point of T and a the common value of max(g'| 



W^ 



t &T. Since "B is compatible with the algorithm at the generic point z (2.20), by 2.16 (b) 
we have a = go{z) = m.ayi{gQ[w) : w € M^*-^'} < raax^go). On the other hand, if m.ayi{go) 



(*) ^ _.^^J*)^ 



a. 



is reached at x G E (with t = Tr{x)) we have: uiax{gQ) = gQ{x) < gQ < 'max{g^ 
These inequalities imply m.ax{gQ) = a, i.e., (ao). 

Proof of (60) By 2.9, for x G Co we have go{x) < gQ {x). Since Co is the locus of 
maximum value of go, by (oo) both members of this inequality must be = a, so goix) = 
(7q (x). Again by 2.16 (b), po is smooth at x. Since x is arbitrary, po : Cq ^ T is smooth. 
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Proof of (co) The transversality follows from the smoothness of po- Hence, Cq fl W^^' is 
regular, a fortiori reduced. Also Cq is regular, hence reduced. Consequently, to establish 
the equality stated in (cq) we may proceed set-theoretically. The inclusion CoHVFq C Cq 

easily follows from (ao). Note that Cq n Wq = Pq (t). To show that we must have an 
equality, we may work with the geometric fiber, i.e., to show that 

(1) PoHt) = cl 

with t the geometric point of T at t. Now, since for each point x € Co we have go{x) = 
(7q (x) = a, it follows that each irreducible (or connected) component of each side has 
the same dimension (see [8], (1.2)(vi) and (1.15)). So, to show the equality (1) it suffices 
to show that the number c' of components of Pq (t) equals the number c of components 
of Cq. Now, following 2.13 (a), restrict to an open set [/ C T where {'Bq)ii/ satisfies 
Condition (A). Note that the generic point z is in U. Hence, by (C) (equivalent to 

(A)), do"^ = Co n VF(^) = Po^iz). By 3.8, by the properness of po, c' = co(z). So, 
c = co(t) = co{z) = c', as needed to prove (co). 

Now consider Bi = T(Bo,Co). The fiber Bi{t) is identified to T(bJ*\ Cq n VF^) and 

hence, by (co), to 7{Bq,Cq), i.e. the term (i?*^*))i in the sequence (2)t of 2.9. So, we 
may state properties (ai), (61) and (ci), analagous to (ao), (ho) and (cq), and prove them 
exactly as before. Iterating this procedure, eventually we get that, in particular, (cj) is 

valid for all j, i.e., (i) of condition (C). Part (ii) of (C) follows from the fact that m.ayi{gl ) 
is constant. D 

Remark 3.10. Equiresolution should be regarded as a form or equisingularity. Accord- 
ingly, one should expect that when a family (say, of basic objects) is equisolvable, then 
the different fibers would be "equally complicated", e.g., have "the same" algorithmic 
resolution. But in this sense, in general. Condition (A), or the ones equivalent to it, 
are not very satisfactory. If we fix a closed point t = € T and consider the fiber 
S(0) = (VF(o),/(o),5,£;(o)) of the basic family T, = {W ^ T,I,b,E) at 0, then we get an 
open neighborhood U of W^^' in W such that for alH G T (near 0) {B^^>)\ij has the "same" 
resolution as B^^>. But, it might be the case that for all t 7^ in T the whole fiber B^^' 
might be very different to B^^>. See the example that follows, where B^^' is non-singular 
(hence already resolved) but B^^' is not, for t 7^ 0. 

Problems like those of this example cannot occur if all the projections pj : Cj — ?• T 
(notation of 2.9) are proper, as the equivalence (A) and (r) in this case indicates. So, 
following the present approach, it seems that the requirement "pj is proper for all i" is 
important to insure satisfactory results. Of course, this requirement is satisfied under the 
assumption that W is proper over T. 

Example 3.11. In this example condition (A) is satisfied and B^^' is non-singular (already 
resolved) while B^*' is not, for t 7^ 0. In this case the projection pQ : Cq ^ T \s not proper. 
Here, /c is a characteristic zero field, R = k[x,y,t\, a polynomial ring in three variables, 
O the origin of A^ = Spec (i?) (so, {0} = V{x,y,t)), W = A^ - {O}, T = Spec(A:[t]), 
IT : W ^ T the morphism induced by the inclusion k[t] C R, Ii = {n : W ^- T, 7,2,0), 
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where / is the restriction to W of the sheaf of ideals (on A^) defined by the ideal {x'^—y^)R, 
B = {W, /, 2, 0). Here, Sing(S) = V{x, y) (the t-axis, restricted to W), write C = Sing(S). 
If Bi = 7{B,C), then i? ■(— i?i is the algorithmic resolution of B. Clearly C is smooth 
over T, hence S satisfies condition (A). But Sing(i?''')) = (so, B^^' is resolved, where 
is the origin of A^^^^ while Sing(B(*)) / 0, fot t / 0. 

4. Condition {E) 

4.1. We want to introduce another equiresolution condition, condition (i?), which makes 
sense even for families whose parameter space is not reduced. Our approach uses the 
theory developed in [13]. 

For the remainder of this article, the symbol A denotes the collection of artinian local 
rings (A, M) such that the residue field k = A/M has characteristic zero. Such a ring is 
necessarily a complete /c-algebra. 

A family of basic objects of the form 

(1) S = {W^S, /, 6, E), S = Spec {A), A^A 

will be called an infinitesimal family. Denote by B^^' = (W^^\l^^\h,E^^') its only fiber 
(so, W^^' is a smooth fc-scheme, k = A/M). 

The main observation is that, given an infinitesimal family, sometimes the algorithmic 
resolution of the fiber "reasonably spreads" to a resolution of the family. When this is 
possible, we say that the family is algorithmically equisolvable. Condition [E) requires 
that all the infinitesimal families naturally induced at the points of T be algorithmically 
equisolvable. We shall summarize results of [13] that we need in order to make this idea 
precise. Although in [13] one works exclusively with infinitesimal families, some of its 
results can be presented in greater generality. This fact will be useful in section 7. 

4.2. We briefly indicate how several concepts discussed in section 1 for basic objects (over 
fields) can be adapted to T-basic objects, T G S. 

(a) In 1.4 we defined the V7-ideal A(/) (or A{I/k)), for a basic object B = (W, I, b, E), 
with W a scheme (in S) over the field k. Given a family "B as in 2.4, we may similarly 
introduce a relative sheaf A(I/T). Namely, we set A(//T) := I + J^d-ii^i/m/T)^ where 
J-" denotes Fitting ideal, d is the relative dimension of W over T, and ^lytn/T is the sheaf 
of relative differentials. This is a VF-ideal. By iteration we define the ideals A*(//r). If t 
is a closed point of T, W^^> the fiber oi W ^ T at t, then A*(//T)0(y(t) can be identified 
to A*(/W/A;(t)) (see 1.4). 

(b) W-equivalence. Two T-basic objects S = {W ^ S,I,b,E) and "B' = {W ^ 
S,J,c,E') are pre- equivalent if the following conditions hold: C C W^ is a S-permissible 
center if and only if it is a B'-permissible center, if !Bi = 7{'B,C) and B'^ = 7(15', C) 
respectively then Ci C us('Bi)) = us{'B'j^)) is a !Bi-permissible center if and only if it is 
a "B'^ permissible center, and so on. We say that B and B' are W-equivalent if they are 
pre-equivalent and, in addition, the fibers B^^' and B'^^' are also pre-equivalent, for all 
teT (see [13], 4.8). 
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4.3. We continue discussing how to adapt notions introduced in 1.10 and 1.12 to families 
of basic objects T, = {tt : W ^ S, I,b, E), S (£ S. 

(a) We get a relative homonegeized ideal Ti{I/S,b) (or just 7^(7/5'), if b is clear) by 
using formula (1) in 1.10, but with A*(I) substituted by the relative M^-ideal A*(//S'), 
and T = A (I/S). Thus we obtain a homogeneized family 'H('B) associated to 'B. The 
families "B and T-L{'B) are W-equivalent. 

(b) We define S'-hypersurface, S'-transversality to E, etc., as in 1.12 [a) but now using 
(partial) S'-regular systems of parameters, in the sense of 2.2, instead of regular systems. 
We define "a S'-hypersurface is adapted to S (or !B-adapted, or just relatively adapted or 
S-adapted, if this is clear) as in 1.12, replacing (Al) by "/(Z) C A^-i(//S')", (A2) by "Z 
is S-transversal to £"'. If, moreover, Z satisfies the analogue of (A3) of 1.12, it is called 
inductive. A family is nice if it admits a S-adapted hypersurface. The relative coefficient 
ideal C{I / S) is defined as in 1.12 (/3), but now using the sheaves A*(//S') rather than 

In a similar way we introduce the inductive ^-object Bz = {Z ^f S,C{I/S, Z),b\,Ez), 
as in 1.12 (/3) (where now S is nice, Z is a S- inductive hypersurface, Ez consists of the 
intersections of each H m. E with Z and the morphism Z ^ S is induced by vr). 

4.4. In [13] other notions studied in Section 1 in the case where we work over a field are 
extended to the case of infinitesimal families. Actually, as we shall see, those results hold 
in a more general setting, for instance if 23 is an A-basic object, A a local ring such that 
S = Spec {A) G §. We let denote the closed point of S and B^^> the closed (or special) 
fiber of 23. In this subsection, all the local rings we consider will be such that their spectra 
are in S of 1.2. 

(a) Monomial objects. Let A and S be as above, we use the notation of 1.7 (i)). An 
A-basic object 23 = (W -^ S,I,b,E), where E = {Hi, . . . ,Hm), is premonomial if its 
closed fiber B^^' is monomial. Let T = (ri,r2,r3) := r^{o). We say that B is monomial 
if it is premonomial and, letting (ii, . . . , ip, 0, 0, . . .) = max (Fa), then C := Hi^ fl • • • PI Hi^ 
is a ^-permissible center. This is called the canonical center of the monomial A-basic 
object 23. 

(b) t-permissible centers. Let A a local ring, consider a sequence yl-permissible trans- 
formations of ^-basic objects 

(1) 'Bo^'Bii ^Br 

where we write 23 j = {Wj — ?• S,Ij,b,E), for all j. We shall define, by induction on the 
length r, what it means that (1) is i-permissible, or simply a t-sequence. 

If r = (i.e. there is just one basic object), the sequence (reduced to one object) is, by 
definition, t-permissible. 

Next, assume the notion of t-permissible center is defined, by induction, if the sequence 
has length < r, in such a way that it induces a sequence of special fibers which is t- 
permissible, in the sense of 1.7(ii). We declare a sequence of length r + 1 to be t-permissible 
if the following conditions a and /3 hold, (q) The r-truncation of (1) is t-permissible . 
Then by looking at special fibers we have functions uji and tj, i = l,...,r satisfying 
max (tj) > max (tj+i), i = 0, . . . ,r. Let s be the largest index such that m.ax{ujs) = 
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max (uJr)- Let E~ consist of the hypersurfaces in Er which are transforms of those in Eg 
and {br/b,n) = inax{tr). Then we demand: (/3) any component C of the center Cr used 

to obtain Br+i satisfies: v{Ir, C) = v{Ir , C^^') = bj. and for each closed point y ^ C, the 
number of hypersurfaces in E~ containing y is equal to n. 

If (1) is a t-permissible sequence, each center Cj used in it is said to be t-permissible for 
Bj, and by the function tj of (1) we mean the function tj of the corresponding sequence 
of special fibers. 

If (1) is a t-sequence, then the induced sequence of closed fibers is a t-sequence, in 
the sense of 1.7. The t-functions of (1) are, by definition, the t-functions of the induced 
sequence of fibers (1.7). 

(c) The sequence (1) is called p-permissible if there is an integer s > such that: (a) 
23o ^ •••■(— 23s is t-permissible, (b) "Bj is monomial if s < j and, for all such j, "Bj <— "Bj^i 
is the transformation with the canonical center of "Bj. In particular, it could be s = r, in 
this case the sequence is t-permissible. 

4.5. WB = {W ^ S, I, b, E) is a family of basic objects, S = Spec {A), A ^ A, w ^W is a 
closed point, and oi, . . . , a„ are elements of Ow,w inducing a regular system of parameters 
of Cp^/(o) ^, then the completion R* of Oyi/,w with respect to the ideal (ai,...,a„) is 
isomorphic to a power series ring R* = ^'[[xi, . . . , Xn]\ (with A = Ow,w/{ai-, • • • , On) and 
A^(J/S)R* is the ideal generated by elements of / and their partial derivatives of order 
<i (see [13], Prop. 11.6). 

If C is an irreducible closed subscheme of W, in 2.7 we introduced the integer iy{I, C). 
In 3.9 and 3.10 of [13] it is proved that v{I, C) > 6 if and only if /s!'-^{I/S)w C J^ for w 
in a dense open subset of C . Also, if w a is closed point of C, one has: /Sf'^'^{I / S)w C Jy, 
if and only if for every f £ Iw the corresponding power series in I^R* C ^'[[xi, . . . ,Xn]] 
has order > b. 

4.6. Here we assume S = Spec (A), A a local ring. If (1) of 4.4 is a t-permissible sequence 
of yl-basic objects one defines, locally at each point x € Max(t^) C W^^' = us{Br), 
the associated nice A-basic object B^." using essentially the same procedure as in 1.12 
(/3). Here are some properties of B^" (assuming, to simplify the notation, that it is 
globally defined): (a) (S;')^"^ = (2^°^)". (b) A center C for B^ is t-permissible if and 
only if it is ^^'-permissible, (c) Let C C Wr be a !Bj,-center that is t-permissible, consider 
the transformations B'^ -^ (^r)i ^^'^ ^r ^ ^r+i with center C, and the object B'^^^ 
associated to Br+i, assume max(tr) = max(tf.4.i). Then, (S^')! = (Bsr+i)" ■ (d) If An = 
A/r{Ay (a ring in the class A), Sn = Spec(^„), B^^' is the An basic object induced 
by B, then B" induces the associated yl„-basic object B^"^' . We leave it to the reader to 
precisely state and verify the analogous statement for the S'-basic object B/' that appears 
in the sequence (1) of 4.4. 

Statements (a), (b), (c) are discussed in detail in [8], section 8, in case A £ A, but the 
extension to the situation where A is just local is straightforward. Statement (d) follows 
from the definitons. 
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Condition (E) involves the use of certain auxiliary conditions £j, introduced in [8], that 
we review next. 

4.7. Conditions £j. Let "B be an ^-basic object, A (^ A 

(1) i?W := (i?W)o ^ (i?(°))i ^ • • • ^ {B^% 
the algorithmic resolution of its fiber B^^\ with resolution functions g- , determining al- 
gorithmic centers C- = Ma,x{g- ), j = 0, . . . ,r — 1. We let Wq ,a;} , • " " a-^d tj, ,t]^ , • ' ' 
denote the to- and t-functions of (1), respectively. Now, we introduce certain conditions 
£j (j = 0, 1, . . . , r — 1) on 23, which may be valid or not. These will satisfy the following 
properties: 

(a) If £j is valid, then £i is valid, for i < j. 

(b) If £j is valid, then it is defined a permissible sequence of A-basic objects 

{2)j So ^ • • • ^ 23j ^ "^j+i 

with centers Cj C us{'Bi), i = 0, . . . , j, inducing on fibers the j + 1-truncation of 
(1), in such a way that the sequence (2)j associated to condition £i, valid by (a), is 
the truncation of (2)j. We shall say that Cj, j = 0, 1, . . . ,j, is the i-th associated 
center of S (determined by the validity of £j) 

(c) These conditions are stable with respect to etale morphisms W' — )■ W and change 
of the base artinian ring. A' ^ A (see [13], 9.1). 

The sequence (2)j is called the j'-th partial algorithmic equiresolution determined by 
condition £j. If conditions £q, . . . ,£r~i are valid, we say that "B is algorithmically equi- 
solvable and call the resulting sequence (2)^-1 the algorithmic equiresolution of "B. The 
intuitive meaning of these conditions is as follows: if £j holds, then the algorithmic reso- 
lution process of the fiber, up to level j, nicely spreads over the parameter space Spec (A). 

These conditions, satisfying the mentioned properties, are defined inductively on the 
dimension of "B, as explained next. We just state the main facts, the proofs can be seen 
in [13], Section 8. Notice that if, in (1) r = 0, then Sing(i3'*''') = and B is vacuously 
equisolvable. So, in the sequel we may assume r > 0. 

4.8. The case where dim B = \. We shall define, for < j < r (with r as in (1) of 4.7), 
conditions £'j, in such a way that if £j is valid, then the resulting sequence (2)j of 4.7 is 
p-permissible (see 4.4 (c)). 

Start with £q. Then necessarily max(a;Q ) > 0. Consider an open cover {Ui} of Max(to) 
such that each Ui the family B'l = {Ui -^ S, (li/S)", b" , E'/) is defined (see 4.3 (c)). Then 
we require that, for all i, A ^^{I'-' /S) define a ^^'-permissible center Cj. The different 
Ci glue together to yield a well-defined center C which is 23-permissible. Moreover, C is 
t-permissible. This is the center that £q attaches to B. 

Now, assuming £s defined for s < j, we introduce condition £j. There are two cases: 
(a) max(tjj°^) > 0, (b) max{u}f^) = 0. 

In both cases, first we require that conditions £s be valid for s < j. Hence, we have a 
permissible sequence Bq -^ ■ ■ ■ -^ Bj, with centers Ci, < i < j- These will be the centers 
£j associates to !B, for i < j. 
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Assume we are in case (a). Then the sequence above is t-permissible. Apply to "Bj 
the technique used in the case j = 0. Namely, cover Max(t^- ) by open sets, so that nice 
^-basic objects (23")j = {Ui -^ S, I'/, b'-, E") are defined. We require that the subscheme 
defined by A^'i^^^I" /S) be a (B")j-center Cji, for all i. As above, this is independent of 
the chosen cover, and these centers patch together to produce a t-permissible center Cj 
for Bj. This is the j-th associated center, and it satisfies all the requirements. 

Now consider case (b). Here, the object 'Bj is pre-monomial. To have condition £j 
satisfied we require that "Bj be monomial, and we take as the j-th associated center the 
canonical monomial center. 

4.9. Now we study conditions £j when dim B = d, an arbitrary positive integer. The case 
d = 1 being established, we shall proceed by induction on d. 

So, assuming condition £j (having properties (a), (b), and (c) of 4.7) known when 
the dimension of the A-basic object is less than d, we introduce conditions £j for B d- 
dimensional. This is done again recursively on the length j of the algoritmic sequence 
(2)j_i of 4.7 that we get when condition £j-i is valid: 

(1) B = So^ ^Bj 

This sequence is permisible, with centers Cj C us(Bi), i = 0, . . . j — 1, inducing on fibers 
a sequence 

(2) i?(o)=i?f ^...^i?f 

(which is the j-truncation of the algorithmic resolution of B^^'). Looking at the functions 
ujp corresponding to the sequence (2), we distinguish two cases: (a) max [u- ) = 0, (b) 

max [uj- ) > 0. In case (a), Bj is pre-monomial. We declare condition £j valid if Bj is 
monomial, with canonical center Cj. We take Cq, . . . ,Cj as the centers that condition £j 
associates to B. 

In situation (b), looking at the t- functions tp corresponding to the sequence (2), and 

letting M := Max(t^- ) and d = dim(!B), we distinguish the following two possibilities: 
(a) dimM <d-l, 
1(3) dimM = d-l. 
In case (a) consider the index q such that max(t^_-^) > max(tg ) but max(tq ) = 

inax{t J_^) = . . . = max(r. ). 

Let Mq be the image in Wq of C- (the j-th. algorithmic center of B^^') and take 
an open cover {Viq} of Mq such that on each Viq we have a nice basic object (over A) 
"^iq = i^i -^ S,{{Ii\ifJ/S)",b'l,Ei) with inductive hypersurface Ziq C Viq. Next, for 
each i, take the homogeneous A-basic object (T-LB'- ), again nice and admitting Ziq as 
inductive hypersurface. Then, for each index i, consider the inductive object B* := 
{TiB'- )zi, of dimension one less than that of Bj. So, by induction the notion of algorithmic 
equiresolution for S* if defined by the inductive hypothesis. To declare £j valid for B we 
require: 
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(a) for each index i the A-basic object "B* is algorithmicahy equisolvable, let 

be its algorithmic equiresolution, with centers Cip C ns(!B* ), q < p, 

(b) after identifications, Cjp is a permissible center of "Bip (restricted to a suitable open 
set), q<p <j. ^ 

Let us explain (b) more carefully. First, letting 23 jg denote the restriction of Bq to C/jg, 

we require that Ciq be (?{!Bjg)-permissible and hence, by the equivalence mentioned in 4.3 

(a), Bjg-permissible. Let Ui^q^i be the inverse image of Uig via the blowing-up morphism 

Wq+i -^ Wq induced by (1) and Sj^g+i := Bj^g+iij^ We require that (after obvious 

identifications and the use of 4.3 (a) again), Cj^g+i be Sj^g+i-permissible; and so on. Thus 
we obtain an induced t-permissible sequence 

(4) Sjg <— Bi^q+i ^ ■ ■ ■ ^ Bij 

Finally, we require that Cij be 'Bjj-permissible. In [13], it is proved that for each i the 
locally defined subschemes Cip of us{'B)i = Wi agree on intersections, thus determining a 
closed subscheme Cj of Wi. 

The schemes Cq, . . . ,Cj thus obtained are the centers that £j attaches to Bj . 

To finish, consider the case (/3). We proceed as in the one-dimensional situation. 
Namely, let M(l) be the union of the components of Max(tj) of codimension one. Consider 
locally defined nice objects B/. = {Ui — > S, (li/S)" , b'- , E'[) as in 4.6, where the open sets 
Ui cover M(l) and we declare condition £j valid if for each i the W^-ideal A^» ^^(/f/S") 
defines a permissible center Cij. Then the different centers Cij define a 23j-center Cj. We 
take Cq,. . . ,Cj as the centers that £j associates to "B. This is independent of the choice 
of the open cover {Ui}. Conditions (a), (b) and (c) of 4.7 are satisfied. 

So, we have defined conditions £j in all cases. 

4.10. Now we introduce our last equiresolution condition. We shall use the following 
notation. If "B = (W -^ T, I, b, E) is a family of basic objects in S and t (^ T, then 
At,n ■■= OT,t/{MT,tT^^ (where Mr^t = r{OT,t)), St,n ■= Spec(At,„) and Bi,„ denotes the 
pull-back of B to St^n via the natural morphism St^n -^ T. 

Definition 4.11. Condition (E). A family B (as in 4.10) satisfies condition {E) if the 
induced family Bt^n is algorithmicahy equisolvable, for all t (^ T, n any non-negative 
integer (i.e., Bt^n satisfies conditions £j, for all possible values of j). 

In section 6 we shall prove that, for a T-basic object, with T regular, conditions (A) 
and (E) are equivalent. 

5. Some consequences of the equiresolution conditions 

In this section we gather some material that we need in the proof of the equivalence of 
conditions (A) and (E), which will be discussed in the next section. 
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5.1. Let B = (vr : VF — 7- T, J, 6, i?) be a nice basic object over a smooth scheme T G S, 
admitting a T-inductive hypersurface Z] B = (W, J, 6, E) the basic object associated to 
23. Note that B is again nice, with inductive hypersurface Z. 

We have the induced inductive objects S^ = (Z — )■ T,Q{J/T, Z),b\, Ez) (a T-basic 
object) and Bz = {Z,Q{J, Z),b\, Ez)- Similarly, we may consider the "homogenized" 
situation: ("HS)^ = (Z ^ T, e{nJ/T, Z), b\, Ez) {HB)z = {Z, Q{HJ, Z),b\, Ez), which is 
relevant when we use the W-algorithm. 

Notice that Bz ^ asoCBz). RaJ^er, if 'Bz ■■=JZ -^ T,e{J,Z),b\,Ez), then Bz = 
asoCBz). Similarly, {HB)z = aso{'H'Bz), where n^z := {Z -^ T,e{'HJ, Z),b\,Ez). We 
shall write Bz/t '■= asolBz) and {HB)^,j, := aso{'H'Bz)- But we'll see that, under 
suitable assumptions, there are useful connections between Bz and Bz/t (or between 
{HB)z and {HB)z,t). 

Proposition 5.2. Let B be a nice T-basic object, as in 5.1, which satisfies condition(A). 
Then the inductive T-basic objects (a) Bz and (b) HBz also satisfy condition (A). 

Proof. Statement (a) follows from the equivalence of the basic objects B and Bz (see [2], 
12.9). Statement (b) is a consequence of (a) and the equivalence of B and HB (1.10). □ 

5.3. Consider basic objects B = {W,I,b,E) and B' = {W,J,d,E), let B = Bo ^ Bi ^ 
• • • ^ Br and i?' = Sq ^— i?J ^— • • • ^ i?^ be the algotithmic resolutions of B and B', 
obtained by using centers Co, . . . , Cr~i and Cq, . . . , C^_i, respectively. Suppose Cq = Cq. 
Then Bi and B[ have the same underlying scheme, namely the blowing-up of W with 
center Cq = Cq. Assume Ci = C[. Then again us{B2) = us{B2), assume C2 = C2. and 
so on. In this way we may compare the centers Cj and C'. If r = s and Cj = C', j = 
0, . . . , r — 1 we say that B and B' have the same algorithmic centers. 

5.4. In the next two propositions we use the notation of 5.1 and, in addition, the following 
one. 

(1) B = Bo< ^Br 

denotes the algorithmic resolution of B, Bi = {Wi,Ji,b,Ei), with algorithmic resolution 
functions go, ■ ■ ■ ,gr-i', for each i we have (by composition) induced morphisms 

fi-.Wi^W and TTfi-.Wi^T. 

Let Zi be the strict transform of Z to Wi via the morphism /j. By means of vr/j, Wi is a 
scheme over T, for all i. Let 

(2) Bz = {Bz)o^---^iBz)r 

be the algorithmic resolution of Bz, {Bz)i = {Zi, Ci{J, Z), bl, {Ez).j), gi, < i < r its i-th 
algorithmic resolution function, and 

(3) Bz/T = {Bz/t)o ^ ■■■ -^ {Bz/t)^ 

the algorithmic resolution of Bz/t = clso{'Bz)', the corresponding algorithmic resolution 
functions are denoted by /ij, < i < s. 

Finally, the algorithmic resolution functions of the fibers B^^>, {Bz) and {Bz/t) (for 
t G T, obtained via either the projection W ^- T 01 Z ^ T, induced by ir) are denoted 
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by Qi , gl and hi^*' respectively. Note that when this makes sense (see Remark 2.24), 

When, discussing an algorithmic resolution process, we say that we are in the inductive 
situation, we mean case (62) in 1.11, i.e., that where we use the associated inductive object 
and induction on the dimension. 

Proposition 5.5. We use the notation and assumptions of 5.1 and 5.4- Assume "B 
satisfies condition (A). Then: (a) Bz and Bz/t have the same algorithmic centers; (b) 
(HB)^ and (HB)^,j, have the same algorithmic centers. 

Proof. We'll check (a) only. The proof of (b) is entirely similar. Let Co, . . . , Cs-i be the 
algorithmic resolution centers of Bz/t = cisoiJBz), Co,Ci, . . . Cr^i those of Bz = aso{'Bz). 
Initially we shall show that Cq = Cq. 

Choose a dense open set C/ C T such that '^z\u satisfies condition {A) (use 2.13 (a)). 

We know that 'Bz satisfies condition {A) (5.2). Hence, its restriction {'Bz)\u also satisfies 
condition (^4). 

Now, we claim that for all 2; G Z such that t = tt{z) € U, go{z) = /io(^)- Indeed, we 
have: 

9oiz) = go{z) = g^'iz) = g^'iz) = ho{z) 

where for the second and fourth equality we use the fact that both "Bijj and Si^ satisfy 
(A), hence condition (F) (3.6). 

Let rh = max((fo), m = max(/io) (in both cases the maximum over all points of Z, not 
just those lying over U). 

We claim that rh = m. We check first that rh < m. 

Since the induced projection Co — )• T is smooth and hence (assuming Co non-empty) 
dominant, Cq r\7r~^{U) 7^ 0. Hence, m = max{^o(^) : z € 7r~^([/)} = max{/io(-z) : z G 
TT~^{U)} < max(/io) = m, as claimed. 

Now we check that m < rh. Let z & Z such that Hq^z) = m. Then: 

m = ho{z) < 4 (^) = 9o (z) = go (z) = goiz) = g\^z) < rh 

where in the third and fifth equalities we use the fact that we are in the inductive situation 
and in the fourth one the fact that S satisfies condition {A), hence {F). 

So we have proved that m = rh and moreover, because of this equality, that if z G Co, 
i.e., hQ{z) = m, then go{z) = rh = m, i.e., z G Co. That is, Co Q Cq. But since Cq 
is smooth (hence flat) over T, it easily follows that (letting clz denote scheme-theoretic 
closure in Z) C = cIz{Cq fl tt~'^{U)) C Co. Thus, Cq = Cq, as claimed. 

So, Cq = Cq is a permissible center for both Bz and Bz/t- By 2.23, Cq is also a 

permissible center for the T-basic objects "Bz and "Bz respectively. Transform these T- 
basic objects with center Cq. We get: 

Bz ^ i^z\ and Bz ^ iBz)^ 

respectively. Similarly, if we transform Bz and Bz/t with center Cq, we obtain: 

Bz ^{Bz)i and Bz/t ^ (Bz/t)-^ 
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respectively. Note that (-Bz)i = chso{{'Bz)i) and (Bz/t)-. = aso{{'Bz)i)- All these objects 
have Zi, the blowing-up of Z with center Co = Co, as their underlying scheme. Thus Ci 
(resp. Ci), the algorithmic 1-center of Bz/t (resp. Bz) is a closed subscheme of Zi. We 
want to show: Ci = Ci. Note that the fiber of ("B)-^ at a point t £ T is the fc(t)-basic object 
[i?Lt)] (the transform of B L with center Cq ) while, with similar notation, that of Si 

is B[ . Since we are in the inductive situation, gi{z) = gi{z) for all z G Zi. Proceeding 
as in the previous case, we verify: (i) with the open set U C T of before, hi{z) = gi{z) 
for all Z £ Z\ lying over [/, (ii) if m\ = max(/ii) and rhi = max(^i), then rrii = rhi. 
Indeed, all what we need to apply the former arguments is the smoothness of Ci over T, 
which is warranted because 23 satisfies (A). Hence, as above, Ci = dzi{Ci) fl tti'^^U) = 
clziiCi) n ■Ki~^{U) C Ci. Moreover they are equal, because ii z £ Ci, i.e., z £ Zi and 
hi{z) = mi, then 

mi = hi{z) < h\\z) = Qiiz) = gi{z) = gi{z) = gi{z) < rhi 

(the third and fifth equalities because we are in the inductive situation, the fourth because 
23 satisfies condition (A), hence (F)) 

Now, by 2.11, Ci = Ci is a permisible center for the T-basic objects {'S>z)i and {Bz)i- 
We may repeat the procedure. Iterating, we get: for all i, Ci = Ci, i = 0, . . . s — 1. By 
condition {A), ^iiig{B^^>)j. = for all t £ T. This implies: r = s; that is the basic objects 
B and B' have the same algorithmic centers. D 

Proposition 5.6. We use the notation and assumptions of 5.1. Assume 'Bz satisfies 
condition (A). Then: (a) Bz and Bz/t have the same algorithmic centers, (b) (HB)^ 
and {HB)^,j, have the same algorithmic centers. 

Proof. Again we check case (a), the verification of (b) being almost identical. 

The proof is similar to that of Proposition 5.5. With the same notation, we prove the 
equality Ci = Ci, for all possible center Cj. Check first Cq = Cq In this situation Cq — ?> T 
is smooth. Let y C T be a dense open set such that the restriction of S to ^ satisfies 
condition (A). Of course, Bziv also satisfies condition (A)). As in the proof of 5.5, we 
check that go = Hq over V. Also, letting m and m be as previously, we see that m = m. 
Indeed, as above, from the smoothness of Cq over T, Cq = d^(Con7r„i(y)). So, there is a 
point X £ Z such that 7r(x) £ V and hQ{x) = m. So, m = /io(a^) = go{x) < max(5o) = ih. 
On the other hand, ii x £ Z such that ^0(2^) = "^ (i-e., x £ Cq), then 

rh < go{x) < %' {x) = /iq (x) = /io(x) < m 

(as in the proof of 5.5). Then, m = rh and all the inequalities above are equalities. Thus, 
if X € Cq , then /io(a;) = m = rh, i.e., x £ Cq. Thus, Cq C Cq. As before, since ho and go 
agree over V,C = clz{Co)rnT~'^{V)) = c/z(Co) n7r"^(y)) C Cq. So, Cq = Cq, as claimed. 
Now, we discuss the transition form level zero to one. The scheme Cq = C is a per- 
missible center for both Bz and Bz/t- By 2.22, Cq is also a permissible center for the 

T-basic objects Bz and Bz respectively. Transform these T-basic objects with center Cq, 
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as in 5.5. We get: 

Similarly, if we transform BZ and B^it with center Cq, we obtain: 

Bz ^ {Bz)i andBz/T ^ {Bz/t)^ 

respectively. Note that {Bz)i = aso(('B^)-^) and (Bz/t)-. = o-so{{'Bz)i)- All these objects 
have Zi, the blowing-up of Z with center Co = Co, as underlying scheme. Thus Ci (resp. 
Ci), the algorithmic 1-center of Bz/t (resp. Bz) is a closed subscheme of Zi. We want 
to show: Ci = Ci. Note that the fiber of (S)-^ at a point t G T is the A;(t)-basic object 
[-SLf)] (the transform of B J^^ with center Cg ) while, with similar notation, that of Bi 

is B\ . Since we are in the inductive situation, gi{z) = gi{z) for all z G Zi. Proceeding 
as in case j = 0, we verify: (i) with the open set ^ C T of before, hi{z) = gi{z) for all 
Z ^ Z\ lying over V ^ (ii) if m\ = max(/ii) and rhi = max(^i), then rrii = rhi. Indeed, all 
what we need to apply the arguments of the case i = is the smoothness of Ci over T, 
which is warranted because 23 satisfies (A). Hence, as above, Ci = clzi{Ci) n 7ri~^(y) = 
clziiCi) n 7:i~^(y) C Ci. Moreover, they are equal, because ii z £ Ci, i.e., z G Zi and 
hi(z) = mi then, 

mi = hi{z) < hx\z) = g(\z) = g^ {z) = gi{z) = g[z) < rhi 

as in the proof of 5.5. 

So, we have that Ci = Ci. If they are non-empty, we may repeat. Iterating, we get: 
for all i, Cj = Cj, i = 0, . . . s — 1. As in Proposition 5.5 we see that r = s, finishing the 
proof. n 

We conclude this section with some other results, to be used in the proof of the equiv- 
alence of conditions (A) and (E) . 

5.7. (i) If i? = {W,I,b,E) is a good basic object (over a characteristic zero field k) and 
B = Bq -^ ■■■ -i^ Br is the algorithmic resolution of B, then Bi is good, for all i. 

(ii) Let S = {W -^ T, I, b, E) be a family of basic objects in § (with T integral and 
regular) satisfying condition (^4), such that its associated basic object B is good. Let 
i? = i?o "^ • • • ^ ^r be the algorithmic equiresolution of S, S = Sq -^ • • • ^ 13,. its 
associated T-sequence (see 2.23). Then, for i = 0, . . . ,r and all t G T, the fiber B^ is a 
good basic object. 

In both cases, by induction on j, the result follows from the inequality gj^i{x) > gj{x') 
(when x' € Cj-i, the (j — l)-th algorithmic center) and the definition of good basic object. 

In the next lemma we use the following notation. If 23 = (W -^ T, I, b, E) is a family 
of basic objects satisfying condition {A), Sq ^ • • • ^ 13^ (where we write 23 j = {Wi -^ 
T,Ii,b, Ei)) is the T-sequence associated to the algorithmic resolution sequence oi B = 
{W,I,b,E), we let [A^''^ {Ii)]i^^ (resp. [A^"i(/i/r)]i,a;) denote the set of elements in the 
stalk [A^-^(/i)]a; C Ow,x (respectively [A''-^{Ii/T)]^ C Ow,x) of order 1 (order with 
respect to the maximal ideal of Owx)- 
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Lemma 5.8. Let "B be a family of basic objects satisfying condition (A), whose associated 
basic object is good. Then, in the notation just introduced, for every closed point x G Wi, 

Proof. One of the inclusions is clear. To show the inclusion " C ", it suffices to work 
in the completion O^^^x (with respect to the maximal ideal). Note that R := Ow,x = 
fc'[[xi, . . . , Xp, ti, . . . , tg]] (a power series ring), where ti, . . . ,tq are induced by a system of 
parameters of Ox^t (t the image of x in T) and k' is a suitable field. To show the desired 
inclusion, it suffices to show that if / € IR, Di, . . . ,Di,^i are derivations of R, each Di 
of the form d/dxj or d/dtg, such that h = Di ■ ■ ■ D^^if € R has order one, then each Di 
must be of the form d/dxj, for a suitable j. This means that h € [/S!^~^{I /T)]i^xR- Since 
each element of [A (/)]i^a;i? is a linear combination of elements of this form, this proves 
the required inclusion. 

To check the assertion on the derivations, note that if we take / G IR as above and 
we write / = M^ + Mf,+i + • • • (sum of homogeneous parts in R) then, the form M(, 
involves the variables xi, . . . , Xp only. Indeed, were this false, the element induced by / in 

O (t) p, P the generic point of the component of W^ containing x, would have order < b, 

contradicting the fact that Cj is 23j-permissible. Now, it is clear that if h has order one, 
all the derivatives used in its definiton from / must be with respect to a variable Xj. D 

6. The implications involving Condition {E) 

We know that conditions (A), [F) and (C) are equivalent. Now, we shall prove that 
condition {E) is equivalent to any of them. Precisely, first we prove: 

6.1. Condition (E) implies condition (C). We begin the proof, which ends in 6.5. Let 
3 = iW — >■ r, /, h,E), T irreducible and regular, be an S-family of basic objects satisfying 
condition (E), B = {W,I,b,E) its associated basic object, with algorithmic resolution 

(1) B = Bo <—■■■<— Br , 

Bi = {Wi,Ii,b, Ei), i = 0, . . . , r, given by resolution functions (/o, . . . , ^r-i, which deter- 
mine algorithmic centers Cj = Max(5(j), i = 0, ... ,r — 1. Let iii : Wi ^ T denote the 
composition of the natural morphism Wi — )■ W ., i = 0, . . . ,r, and tt. 

If t € T, At denotes the completion of OT,t with respect to the maximal ideal, St = 
Spec(yl(), Si the family parametrized by St induced by "B by pull-back via the natural 
morphism ft'.St^T sending the closed point of St into t, and Bt := asoCBt). 

According to a property of the V-algorithm that we are using, the algorithmic resolution 
oiBt: 

(2) Bt = {Bt)o< ^{Bt)r 

is obtained by pull-back of the resolution (1), via the morphism ft, and the algorithmic 
centers Ct,o, ■ ■ ■ , C't.r-i used in (2) are induced by the centers Co, . . . , Cr~i respectively. 
Note that, for all t & T, the closed fiber of the projection us{Bt) -^ St can be identified to 
the fiber W^^i oin '.W —> T aXt. Similarly, the closed fiber of the projection Ct,i — ^ -S** can 
be identified to Pi~^(t), where pi denotes the projection Ci ^ T induced by TTi : Wi ^ T. 
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To show that Part (i) in condition (C) holds, i.e., that d fl wf^ = cf\ for all t G T, 
i = 0, . . . , r — 1, it suffices to show that for such t and i, Ct,i H W^ = C\ (we are using 
the notation of Definiton 3.5, in particular C^ denotes the i-th center in the algorithmic 
resolution of the fiber B^^'). 

Thus, without loss of generality, from now on we shall assume that our original family 
"B is as follows: 

'B = {W ^T,I,b,E) ,T = S = Spec (A), with {A, M) a complete k-algebra, k = A/M 
(a field of characteristic zero), and it satisfies condition (E). 

Let An = A/{MY^'^ (with n > an integer), Sn = Spec(^„), and denote by S^") = 
(^(") _). Sn,I^"'\b,E^^') the family parametrized by Sn induced by S by pull-back via 
the natural morphism Sn — > T. 

By our assumption on the validity of condition (E), for all n the yl„-basic object S '-"'•' 

admits an algorithmic equiresolution, with centers Cq , . . . , C ?\ , . Note that since the 

equiresolution of S*-" •* induces that of 'B^"'' for n' > n, the length r{n) is independent of 
n, say equal to tq, and necessarily vq > r. Let 

(3) B(") = (S("))o ^ > (^^"^)ro 

be the algorithmic equiresolution of S("), (B("))i = (VF^^"^ -^ Sn,l\''\h,E^^'^). So, in this 
situation what we need to prove is: 

(4) C,nM^i(°) = Q(°), i = 0,...,r-l 

(using the identifications discussed in 2.24, and with denoting the closed point of Sn)- 

Now suppose that for every natural number n, Cq n W^"'' = Cq^'"'' (note that W^"'' is a 
closed subscheme of H^ = Wq). In particular, Cq n W^^' = Cq (the zero-th center of the 
algorithmic resolution of the fiber B^^> = 'B'-*^^). Hence, according to 2.24, Cq is flat over 
T. Since Cq and W are regular, /(Cq)^ is generated by a regular sequence of Ow,w for all 
w £ W, hence by 2.3 there is an identification of ('B'"'')i and the pull-back of !Bi, via the 

(n) 

natural morphism St — )■ T. In particular, W^ may be regarded as a closed subscheme of 
Wi. Assume Ci fl VF^ = Ci'"-*. Reasoning as above, we conclude that Ci — )■ T satisfies 
the hypotheses of Proposition 2.3. So, if B2 = ^CBijCi), then {'B^'^')2 can be identified 
to the pull back of ^2 via the morphism S2 — ?■ T, and so on. 

In view of this observation, the following statements makes sense: 

(aj) For all j < i, for any natural number n, with the identifications just mentioned, 
Cj n VFJ"^ = CJ"^ (and pj -.Cj^T is flat, j = 0, . . . , i). 

We say that the T-basic object "B satisfies condition (a) if (oj) is true for all i. We shall 
prove that if "B satisfies condition (E), then it satisfies (a). In particular, (oj) will hold 
for n = and any i, i.e., (4) is true. 

First, we shall verify that if (oj) is valid for j < i then (oj) also holds (in particular, 
(ao) will be valid without any hypothesis). 

So, assume that {a)j is valid for j < i. Then, by remark 2.24 if ttj : Wi —^Tis the 
naturally induced projection and Bi = {Wi — )■ T,Ii,b,Ei), Cq is a So-permissible center; 
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if "Bi = T(!B, Co), Ci is 'Bi-permissible, and so on. Eventually we get a sequence 

(5) So^Si^ ^^i 

of T-basic objects that, by taking closed fibers, induces the truncation 

(6) i?(o) = (i?(o))o^...^(i?W), 
of the algorithmic resolution 

(7) iB(% ^ {b(% ^ ■ ■ ■ {b(%, 

of the fiber {B^^')o := B^^' , with resolution functions g^ ,gl , . . . ,gl._i- 

In particular, VFj is (or can be identified to) a closed subscheme of Wi. 
In proving inductively the validity of («») we shall consider different cases, depending 
on the tj-functions loq ,lo\ , . . . of the (partial) resolution (6) of the fiber B^^' . 

6.2. Case (a): niax((x'j^ ) = 0. This assumption means that the closed fiber {B^'^')i is 
a monomial basic object. Let {C^^')i = H[ D . . . Hp , for suitable hypersurfaces in 
E^ , be the canonical monomial center (re- number if necessary). Then, for any integer 
n > 0, 23^" will also be monomial (since condition fj is valid for 'B^"-', and its w-function 
depends on the closed fiber only), and the canonical monomial center for (23 ^"')j will be 
H[^ n • • • Hp , where ii^ induces H- , for all j. Note that also, by 2.16 (b), the basic 
object Bi is monomial. Since the sequence (6) of 6.1 is induced by the i-th. truncation of 

(5) in 6.1, there are hypersurfaces Hi, . . . Hp in Ei inducing H^ , • • • Hp on the closed 
fiber respectively. We claim that Hi n • • • n Hp is the canonical monomial center of Bi, 

i.e., Ci = Hi n ■ ■ ■ n Hp. If so, it is clear that Ci fl W^-'^'^i = C^' , finishing this case. 

By the inequality gi{x) < g\ (x) of 2.16 (b), the algorithmic center Ci must be the 
intersection of some of the hypersurfaces Hi, . . . , Hp. We shall see that this intersection 
involves all these hypersurfaces. 

Assume, by contradiction, that Ci is the intersection of fewer hypersurfaces. Work- 
ing at a point w € W^ (which may be assumed closed) and the completion R of the 
local ring Owi,w^ then we would have the following situation. For suitable parameters 
xi, . . . ,Xp,ti, . . .tq (with ti in A) and a suitable field k' , R = k'[[xi, . . . ,Xp,ti, . . . ,tq]], 
Hj is defined by hj G R, where for some j we have hj{0, . . . ,0,ti, . . . , tq) ^ 0. Then, 
hj contains a term of the form AM(ti, . . .tq), with A a non-zero element of k' and M a 
monomial, say of total degree e. By looking at the induced situation in !B'"\ n large 

in) 

enough, we see that !B^ would not be a monomial object, a contradiction. This shows 
that Ci = Hi n . . . n Hp, as claimed. 

6.3. Case (b): max(a;j^ ) > and Max(t^ ) has components of codimension 1. Here, 
t\ denotes the i-th. t-function of the fiber B^^' . Each such component is known to be 
a regular subscheme of Wj (see [2]). Let Mj be the union of these one-codimensional 
components. Then, we know that C| = Mi. To prove the equality Ci n W^ = C^ , it 
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suffices to consider an open cover {U^} of Mi and work with the restriction to each open 
Uv We choose these opens in such a way that the object {'Bi^u^)" (cf. 4.6 ) is defined. 

We work with a fixed index v. To simphfy the notation we may assume, without loss 
of generahty, that U^ = Wi, i.e. that the S'-basic object Sf = {Wi -^ S,I-,h",E'-) is 
globahy defined. Consider the relative sheaf A ^^{I'/fS) := A. By construction, if 
(S("))i = (VFi^") -^Sn,Ii^"^\b,Ei^"-'^) (see (3) of 6.1), then Sf induces (bJ"^)" and A 
induces the VFj'"^-ideal A ^^{Li^^' /Sn). By our assumption that all conditions £j are 
valid for 23/"^, the union of the 1-codimensional components of V(A* ""^{li^"^' / Sn)) is an 
A„-permissible center for 23^" , namely the algorithmic center C- . In particular, Cf^ is 
smooth over Sn- Now let C be the union of one-codimensional components of V(A). By 

the remarks just made, C induces on !B^ the center Q" . In particular, CnWj = C^ . 
We shall see that 

(1) C = C^ 
proving (oj) in this case (6). 

To see (1), first note that C is smooth over S*, hence regular. This is a consequence of 
the criterion for smoothness of [1], Thm. 18, p. 224, and the following facts. 

(i) C is flat over S. This is true because C induces on (!B^"^)j the algorithmic center 

(n) 

CI , which is smooth, in particular flat, over S. Then one uses the local criterion for 
flatness ([12], Theorem 21.3 (5)). 

(ii) The closed fiber is the center Cl , which is smooth. 

So, C is regular, of codimension one, hence it is defined locally, at each w, by a single 
element (f) G A^^ C Oy/i.w of order one. Let A := A^ ~^{I^). In general, we have 
A C A, hence Sing(i?f) = V^(A) C V{/S.). But we claim that if x is a closed point 
of G ^(^) and the codimension of V{/S) equals one, then A^; = A^,. This will imply 
that Sing(B^') = Max(t^ ) has components of codimension one, so the algorithmic center 
C := Ci is the union of such components. Moreover, C = C and C fl W^ = C (1 W^ , 

and we know that the right-hand-side is equal to C^^ , as needed. 
To check the claim, note first that condition {E) implies: 

(2) u{l/',C) = u{4'^",C^'^) 

Indeed, we always have the inequality <. Were < correct, by reducing to B/"', n large 
enough, as in case (a) we would get ^{1^"" ,C(")) < u{I^ ,C ), contradicting the fact 

that, by condition (Sn) (implied by condition (E)), Cf" is an ^^-permissible center. Thus, 
the equality must be true. 

Now, consider the completion R = Owi,x = ^'[[a^i, ■ ■ ■ ■, Xp, ti, . . . , tq]], with k' a suitable 
field, xi, . . . , Xp, ti, . . . ,tq a regular system of parameters, where ti, . . . ,tq is induced by a 
regular system of parameters of A. We may assume xi to be a generator of A^; (i.e., xi 
is the element (p considered before). The equality (2) implies that any element ip £ I'/R 
must be of the form ip = x\ .ipi, ipi G R. Indeed, otherwise we would have v{Ii" ,C) < 
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b" = v{I^ ' ,C^^'), a contradiction. Any element a = Di . . . Dyi_i{il)), with each Di a 
derivation of R, will be of the form a = xiQi, ai € R. Since q is a typical generator of 
Aa;, it follows that /S.^ Q {xi)R = A^;, as claimed. 

6.4. Notice that if dimi? = 1 then the only possible cases are those considered so far. So, 
we have already proved that the assertion (oj) is valid for every i, if dimS = 1. So, we 
may proceed by induction on the dimension of B, and this is what we shall do in the next 
subsection. 

6.5. Case (c): max((x'j^ ) > and Max(t^ ) has no component of codimension 1 (i.e., 

dimMax(t^ ) < d — 1). First, note that also dimMax(tj) < d — 1 (where ti is the i-th 
t-function of the resolution (1) of 6.1). Indeed, we may cover Max(tj) with afine open 
sets Vj so that on each one the object B'' := {Vj, Ii",b"j,E"i) of 1.12 and an adapted 
hypersurface Zj are defined. Here, Bi = aso{'Bi) (see (1) in 6.1) and, to simplify, we 
wrote I'/ rather than (Ijiy.)" and E'-' rather than E'-';y^. In the sequel, we use similar 

simplifying conventions. Note that Sing(i?'') = Max(tj) n Vj. With the same notation, let 
Aj := A^""i(/j75') and A^- := A^""i(/p. We have A^ C A^, hence (taking associated 
subschemes) V(Aj) C V(Aj). So, if V{Aj) has components of codimension one, the same 
holds for V(Aj). But when passing to the closed fiber, V{Aj) induces V(A((I- )"), so 
V(A((l]°^)")red = F(A((/j°^)") = Max(tf^) n Vj has components of codimension one. 

This implies that dimMax(t^ ) = d — 1, a contradiction, to define the algorithmic center 
Ci for Bi we must use induction on the dimension. To be clearer we consider separately 
two cases: 

Case (i). max(t^_^) > max(t^ ) (this will be vacuously true if i = 0). Notice that 

then max(tj_i) = max(t^_^) > max(t^ ) > max(tj) (the equality by induction), that is 
also max(tj_i) > max(tj). Recall how we get the algorithmic center Ci in this case. We 
cover Max(gi) (where gi is the i-th algorithmic resolution function of B) by open sets V\, 
each one admitting a nice basic object Bi\ := H{{Bi\y^)") = {Vx,H{{Iix)"),b" ,E'£) where 
lix '■= Ii\Vxi (see 4.7(a), (c)), with an adapted hypersurface Zix C Vx (see l.ll(/3)). 
Then we take the induced basic object B*ix := {Bix)zix — ('^jA;-^*^) ^"') -E'^'a)' where 
I*^ := C{H{{Iix)")z. )■ By induction on the dimension, when we consider the algorith- 
mic resolution of B* jx there is a center Cix C Zja, which is a locally closed subscheme 
of Wi = us{Bi). These glue together to give us the algorithmic center d C Wi. This 
construction is independent of the choice of the open sets Vx or the hypersurfaces Zix- 
Now, we claim: 

(•) We may cover Max(5j^ ) C Wi by open sets Vx as above such that moreover each 
hypersurface Zix C Vx is defined by a section of A^ ^^{%{{Ii/ S)" ,b")) defined over Vx- 

This statement can be seen as follows. It suffices to work in a neighborhood of a 
closed point x € yiax.{g\ ). Let x be such a point. Take a neighborhhod V' of x such 
that the ideals H{(Iiiy,)" ,b") D 'H{Ii\v' / S)" ib") are defined (for the second, use !Bj in 
(5) of 6.1). To simplify, we just write H{I") and T-L^Ii/S") respectively. Note that 
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R := Ow^,x = k'\\xi, . . . ,Xp^ti,. . . ,tq^, for a suitable field k' and a regular system of 
parameters xi, . . . , Xp, ti, . . . , tg, where ti, . . . , t^ are induced by parameters of A. Since 
^^"-'^{^L{Ii/S"))Oy^^(^,)^ = A*"-i(?^(/(o).'))^ := J, there is an element 0i in J such that 
(re-numbering if necessary) for suitable derivatives Di, . . . , Dhir_i, each one with respect to 
a variable x^, we have that the element Di . . . Dyi^iipi defines a hypersurface adapted for 
HBl . If 01 G 'H{Ii/S")Owi,x induces (pi, and Dj is the derivative of Owi,x corresponding 
to Dj, for all j, then /3 = Di . . . Db"^i(j)i is an element of order one in A ~^{'H{Ii" / S))x 
(and hence in A^ ^^{H{I^))), defining on a suitable neighborhood y C y of x an adapted 
hypersurface, relative to S. This shows (•). 

From now on we assume that our opens V\ satisfy this extra property. We shall write 
{WB'l^) := ■H(((S,)|vJ") := {Vx ^ S,U{{{Ii/ Sy(y^),h" ,E'l^)) (using sequence (5) of 6.1), 
'B\x := {n'B'l^)z,^ = (^a ^ S,C{n{{h/S)\vJ').Zi,^),b"\,El^). When we reduce over 
An (or Sn) we shall use the superscript (n) to indicate the induced object. For in- 
stance, Zix is the hypersurface induced by Zix, which is adapted for 'B*^^'^' = {Zi\^"'' -^ 

Sn,l\l\b", (£^-a)^"^)' the ^„-basic object induced by S*^. 

We claim that for all possible A, the family 23* ja satisfies condition {E). Indeed, since 
by assumption B satisfies condition {E), (l-CB'-^) satisfies condition (£j) for all j. Since 

dim Max(t^ ) < d — 1, this means that the inductive yl„-basic object {'H'B'-^y"^' satisfies 

conditions {£j), for ah j. But there is an identification S*^(") = [(^S-a)^"'']z,;,(")- This 

shows that B*;^ satisfies {£)j for all j, i.e., that !B*^ satisfies condition (E). 

Actually, in the presentation of [13], condition {£j) for {'H'B'-^Y'^' requires that for some 
^„-adapted hypersurface Z' the inductive object {{T~{-'B'-^^Y'^')z' satisfies condition {£j). 
But it is not hard to see, with the aid of Theorem 7.13 in [13], that if condition {£j) 
holds for {{'H'B'-^Y^')z', then it will be also true for any An adapted hypersurface Z, in 
particular our Zix^""' . 

As a consequence of the claim just proved, the zeroth center C*ix of the algorithmic res- 
olution of its associated basic objet aso{{'B*ix)zix) = {Zix,C{'H{{Iix/S)"), Zix),b"\,Eix*) 
satisfies: C*ix n Z^^ = C*ix^"'' (an equality of subschemes of Zy^). Since 'B*ix satisfies 
condition {E), by induction on the dimension it satisfies {A). So, we may use Propo- 
sition 5.6 to conclude that C*ix is also the zeroth center of the algorithmic resolution 
of the basic object (i?,)z,, := {Z,xMH{{kx)"),Z,x).h"\,Eix*) = H{{BiyJ')^^^. Since 
max(tj_i) < max(tj), according to our definitions, the center Cj C Wi in the algoritmic 
resolution sequence 6.1 (1) satisfies: Cj fl V^ = C*ix- Since .^a C Vx^"^' (the open of 

W^' induced by Vx), by letting A vary we obtain Cix n Wi^"^^ = Cix^'^\ as needed. This 
concludes case (i). 

Case (ii). max(t^_^) = max(t^ ). Let s be the index such that 

(1) max(tf_\) < max(40)) = • • • = max(tf ^). 

We apply the procedure of part (i) to Ms, the image of the center C^ vn Bs- We use the 
same notation, substituting the index i by s. Thus we get open sets Vgx-, hypersurfaces 
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Zsx (satisfying the extra condition (•) above), nice S'-basic objects (T-CB"^), and the cor- 
responding inductive S'-basic objects li^^ = {'H'B"^^) z ^^) ■ As in case (i), we see that the 
vahdity of condition {E) for S imphes that 23*^ satisfies condition {E) for all A. 

Now consider the basic object B'^y^ := aso(23*^) = ('H'B'^'^)^^^ and its algorithmic equires- 
olution 

(2) B-ix := [S^aIo ^ [B^>]i ^ • • • ^ [B-iy^^-s ^ • • • 
with centers C*^^ C ZX = us{[B^^j^s)- By Proposition 5.6, the algorithmic resolution (2) 
induces the algorithmic resolution of B*^ (we use the notation of part (i)). In particular, 
by induction on i, if qsj : Wj -^ Ws is the morphism induced by the sequence (1) of 6.1, 
VjX ■= Qjs^iVsx) C Wj, Zjx = qJ^{Zsx) C Vjx, then Zjx may be identified to Zj^ for ah 
j > s. As in case (i), we have (using the t-functions of (1) of 6.1): 

(2) max(ts„i) < max(t5) = • • • = max(tj) 

hence, by our definitions, as in case (i), with the identifications above we have: 

(3) CinVix = c* 

and C* is the algorithmic center that (2) attaches to 'H{{Bi\y^^)"). So, by (3) and the fact 
that Za^") C Wix^'^\ we get {d n V'ix) n VF^^") = Qa^^^ which implies that d n W^^") = 
Cj '-"'•*, as desired. 

Note that the proof just presented shows that in case i = 0, i.e. where we have the 
5-object 23 only, the statement (oj) is valid, for every i. Since we saw that "(oj) is valid 
for j <i implies (a^) is valid", by induction we have (oj) valid for every i, as needed. 

Now we return to condition (ii) in Definition 3.5. To show its validity, using the algo- 
rithmic resolutions of B and B^^' (cf. (1) and (7) in 6.1), it suffices to check that r = rg. 
Our previous discussion shows that r < tq. Assuming by contradiction that r < rQ holds, 
let Cr be the r-th algorithmic resolution center oi Br . Since 23 satisfies condition 
(-E), we find a sequence of schemes Cr \ n any natural number, where Cr C us{'Br ) 
is the r-th algorithmic center of 'B^'^' . In this sequence, Cr induces Cr for n > m, 
hence it defines a subscheme Cr C us{Br) smooth over S, inducing Cr for all n. Let 
X G us{Br ) C us{Br) be a closed point. We have v{Ir , Cr ) > b for all n; this implies 
v{Ir,Cr) > b. Since Vx{Ir) ^ i^iIr,Cr), We'd get Vx{Ir) ^ b. This contradicts the fact 
that S\ng{Br) = 0. Thus, r = tq, as desired. This concludes the proof of the implication 
{E) =^ (C). 

6.6. We start the proof of the implication (A) =^ (E). 

Consider a family 23 = {W -^ T,I,b,E) (T irreducible, regular), with associated ba- 
sic object B = (W,I,b,E), satisfying condition (A). We want to see 23 satisfies con- 
dition (E). As in the proof of the reverse implication (6.1), one is easily reduced to 
the case where T = S = Spec A, A = (A, M) a complete fc-algebra, k = A/M (a 
field of characteristic zero). Moreover, as in 6.1, with An = A/M^~^^, Sn '■= Spec(A„), 
<B{n) ^ (^(n) ^ 5„,/W,6,E(")) (the ^„-basic object induced by S, so that S^o) = B^^\ 
the closed fiber of 23) it suffices to show that 23("') satisfies condition £j, for all j. 
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We consider the algorithmic resolution of B: 

(1) B = Bo< ^ Br 

Bi = {Wi,Ii,b,Ei), with algorithmic centers Cj C Wi and associated S'-sequence 

(2) 'B = 'Bo< ^'Br 

(see 2.23). By the validity of condition (A) (or its equivalent (C)), the induced sequence 
of closed fibers of (2): 

(3) B(0)=i?f ^...^40) 

is the algorithmic resolution of the fiber B^^' . 

Now, if C is a closed scheme of W and x G C is a closed point, let I'xil, C) denote the 
largest integer b such that Ix C [/(C)^:] (in Ow,x)- It is known that there is a dense open 
set U CC such that u{I,C) = Ux{I,C), for all'x € U (see 2.7 and [13], 3.10). We have, 
for any integer n > 0: 

(4) Ux{I,C) < ^.,(/("),C(")) < Z.,(/W,CW) 

(with C^") = C n W^^^). If C = Co is the 0-th center of the algorithmic resolution (1), 
then for x in a dense open set of Co, in (4) we have Vx{I,C) = Vx{I^^\C^^'), hence all 
the inequalities in (4) are equalities. This implies that Cq is a permissible center for 

If qi : Wi —7- Wq = H^ is the blowing-up with center Co, then by 2.3 the transform 
'T(23q , Cq ) may be identified to 23^^", the object induced by Si on the scheme W^" := 
Qi (Wq ) (identifiable to the blowing-up of Wq with center Cq ). In other words, 
^(n) _ 'j(^'^'^) ^(jy^)-j_ Iterating, if condition (A) is valid for B = Bo, we obtain from 
sequence (1) (after identifications as indicated above) the permissible sequence of ^ri-basic 
objects 

(5) B(") = ^i") ^ Bi"V • • • ^ B(") 

with centers C|"^ = Cj n W-^' , i = 0, . . . , r — 1. We shall see that: 

(a) for any n, B^"' satisfies condition £i for all possible i, 

(/?) the sequence (5) is the algorithmic equiresolution of 'B^"'' thus determined. 

Statement (a) is a consequence of the fact that, as we shall see, the following assertions 

(7j) are valid, for all i > 0: 

(7j) If'B^"'' satisfies conditions £j for j < i and the i-th truncation of (5) is the partial 
equiresolution thus determined (see {2)j in J^.l), then 8i is also valid and the i-th 

algorithmic center is Cf^ := Ci fl W^ (hence the {i + l)-truncation of (5) is the 

associated partial equiresolution ofB^"-'). 
Consider the u- and t-functions of (1) and (3); the q-th ones are respectively denoted by 
ujq,ujq and tq,tq . Notc that condition (A) implies: 

(6) max(a;j) = max(a;J- ) and max(tj) = max(t^- ). 
To prove (7j), there are several cases to consider: 
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(i) niax(a;j) = (monomial case). 

(ii) inax{uji) > and Max(tj) has components of codimension one (notation of 4.9). 

(iii) max(a;j) > and Max(tj) has codimension > 1. 

6.7. Case (i). Note first that by the equahties (6) of 6.6, both Bi and B^ are monomial 
basic objects. Then, for all n > 0, the 74„-basic object S^" is pre-monomial (since the 

fiber !B^ is monomial). We claim that B^ is monomial (hence condition (Si) is valid) 
and that the canonical center is the restriction of the i-th algorithmic center Cj of B^. 
Let Ei = {Ha,..., His), Ef^ = {h\^ , . . . , H^^^) (where H^^^ = H,j n wf^ C Wi). By 

the equality Ti{w) = gi{w) = g\ (w) = Tl (w) for any w G W^ (valid because condition 
(F), equivalent to (A), holds) if Ci = His^ n • • • fl His^, for indices si < ■ ■ ■ < Sq, then also 

the i-th algorithmic center for Bf^ is cf^ = Hf^] n • • • n HfJ^. Let cf ^ := ^ n wl''\ 
so Cj = Hy^l n • • • n Hl^\ with -ff • induced by Hj, for all j. Since for all irreducible 

component C of d, iy{Ii, C) < z^(4"\ C^")) < i/(/f \ C(°)) (with C(") and C(°) induced by 
C on 23^") and B^'^^ respectively) and u{Ii, C) = u{I- , C^*^^) (because condition (A) holds, 
see 2.23), all the inequalities above are equalities. This implies that C^^ is monomial and 
that Cj is the center. Hence, £i holds for S^" as claimed. 

6.8. Case (ii). By the validity of condition (A), we have Q fl W- = C^ . This implies 

that both Max(tj) and Max(i^ ) have codimension one. So, to check condition £i for S^" , 
we are in the situation (/3) of 4.9. Let a; be a closed point of Cj, U a. neighborhood of x in Wi 
such that the object {Bi\u)" = {U, li'i'u), b", E") is defined and, moreover C/nL = for any 

irreducible component L of Max(tj) of codimension > 1. Then, CifMI = V(A ^^(/j|'^)). 
Without loss of generality, we may assume that U = Wi, then we simply write B", I'/, 
etc. We always have: A^"-^Ii"/S) C A^"-^Ii") (using (2) of 6.6 to define A^" -\li" / S)) . 
From the fact that these ideals are locally principal, generated by an order one element, and 
Lemma 5.8, it follows that the inclusion above is an equality. Thus, Ci = V(A^ ~^{Ii" / S)). 
Now, A^"-'^{Ii"/S) induces over B^") the W^^"^-ideal A^"-i((4"^)'75). Since QnVFf ^ = 
Cf\ then Ci n W^''^ = cf ^ = V{A^"'^{{l\''^)" / S)), and this is a permissible S^-center. 
But this means that (7^) is valid for "B^"'. This proves case (ii). 

Note that so far we did not use induction on the dimension of 23. If dim 23 = 1, the 
only possible cases are those discussed so far. So, the case dim 23 = 1 is settled. The base 
being established, in the remainder of the proof we shall use induction on the dimension. 

6.9. Case (iii). The equality (6) of 6.6 and the fact that Ci fl W^ = C- imply that in 
this case to verify (7j) we are in situation (a) of 4.9. Consider the smallest index s such 
that max(ts_i) > max(ts) = • • • = max(tj) (it could be s = i). We shall prove that if 
we assume that 23'"-' satisfies condition £s-i (i-e., in case i = we make no assumption) 

(n) 

then, it also satisfies conditions £j and C) is the corresponding algorithmic equiresolution 
center, s < j < i. Firstly, we recall how the algorithmic center Ci of 6.6 (1) is obtained 
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in this case. Cover Mg := m.ax{gs ) by open sets (in Ws) Vg^x such that on each Vsx the 
nice basic object {HBgx) := H{{Bs\Vs^)") ^^ defined, with inductive hypersurface Zsx (A 
in a suitable set). Then we consider the inductive objects B*)^ := {HBsx)z ■ Next take 
the algorithmic resolution of each object B*^ (defined by induction on the dimension) : 

(1) B:, := {B*)s ^ (i?I),+i < ^ {BD^ < 

obtained by using algorithmic centers Cjx C us{{B*)j), j = s,s + l, . . .. The sequence (1) 
induces a permissible sequence 

(2) (HBsx) := {HBx)s < ^ {HBx)i < 

using the same centers Cjx as before. Moreover, if Zjx is the strict transform of Zgx to 
Vjx C Wj (the inverse image of Vsx via the morphism Ws ^ Wj coming from (1) of 6.6, 
we have identifications {B"^) . = [{HBx)j]y , j > s. So, Cjx is a locally closed subscheme 

of us{{HBx)j) = Vjx- Then, the open sets Vij cover Max{gl ) and the i-th algorithmic 
center Cj in 6.6 (1) satisfies Ci^y^^ = Cix- 

The hypersurface Zgx is defined, say near a closed point Xs € Ms n Ws , by a first order 
element of [A^ ~^{H{I'J))]^ (where, to simplify, we wrote Is = Is\Vs\^ similar conventions 
will be used in the sequel). By Lemma 5.8, using sequence (2) above, Zsx may be defined, 
near Xs, by an element of [A^ ~^(^((-^sV'S'))]a; • Moreover, this can be done in such a way 
that this element induces an element of order one on the fibers. With this choice we have 

{A'^"-\n{i'J/s)))o^,., = A'^"-\n{i'J/Sn)) 

and Zsx H Ws = Z^^^ is a ("HS^^ )-adapted hypersurface, where (?{23^" ) denotes the 



S'„-basic object Hi^s )|\/ • This implies that 'K{^s\v^y)" induces the S'^.-basic object 



'h\x:=(.nCh's%J')^,r.y 

s\ 

Now we assert that condition (C) (equivalent to (A)) holds for S*^^) for all A. The 
non-trivial part is to show that if C* are the centers used in the algorithmic resolution of 
aso(23*sA), then: 

{a) C* n Z-^ = Cj n ZK , where Zjx is the closed fiber of Zjx -^ S and we use the 
notation of 6. 6 (3). 

Now, by Proposition 5.2, 'B*^^ := {Zsx — > 5*, Q{HI'J^, Zsx), b"\, Es)\z a) satisfies condition 
(C), hence the centers used in the algorithmic resolution of aso('B*^) satisfy {a). But 
by Proposition 5.5, the algorithmic resolution centers of aso(!B*^) and aso{'B* sx) coin- 
cide, hence our claim follows. Consequently, by induction on the dimension, 'B* sX satisfies 
condition {E) and the algorithmic equiresolution center that is associated to S*^ is pre- 
cisely C*;^ n Ws n Vsx = Cs n Vsx, where C*^ is the algorithmic center for B^^^. But, 
by construction, C*y^ = Cs n Vsx (with Cs the s-th algorithmic center of B). Hence, 

Cs nVsA = Cs nW^s. As explained in 6.6, this is 7^(2^ )[y^^-permissible. Hence, condi- 
tion £s is valid for 23^"' and, moreover, the s-th algorithmic center is precisely Cs H Ws ■ 
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Now look at sequence (5) in 4.10. We have 'Bg^i = T(!Bs , Cs ). With the previous nota- 
tion, let Ti'Bg^ix := 'H{{'B s+ix)")- As in [13], 6.10 (Giraud's Lemma) for every A the strict 
transform Zg+ix of Zgx to Vs+ix is an S'-adapted hypersurface, locally defined by a section 
of the sheaf (A* ^^{{T-L{Is+i/ S))"). We may repeat the argument above to conclude that: 
Zg+ix induces a (//i?("'-'^^;^;^)-adapted hypersurface ^g"^^ x'l ^s+ix iiiduces a "W^g" i;^; and 
niCB.+ixw^.J') induces the 5„-basic object S^+u := {n{{'B(^^'^K+vy )")) ^ . 

Again by induction on the dimension we see that "3*,-^^^ satisfies condition (E) and, as 
before, using Proposition 5.6, the algorithmic equiresolution center that is associated to 
'B*^ix is precisely C*^^ n W^l\ n Vs+ix = C^+i n V^+u, where C*^-^^ is the algorithmic 
center for B*^-^^ and cf"^ n Vix = Q n W^''\ According to 6.6, this is 'H{{'B'-^^J')^^ ^^- 

permissible. Hence, condition £s+i is valid for !B'") and moreover the s + 1-th algorithmic 
center is precisely Cg+i n W^^\^. Iterating, we get that analogous results are valid for j = 
s, . . . ,i. In particular, condition £j holds for B^"' and the j-th algorithmic equiresolution 
center is precisely C- , as claimed. Finally, statement (/3) in 6.6 follows from the fact 
that since 23 satisfies condition (A) (or (C)), the length r of sequence (1) in 6.6 is equal 
to the length tq of the algorithmic resolution sequence of the closed fiber B^^K Thus, the 
fact that (A) implies (E) is proved. 

Summarizing, we have proved that Conditions (A) and (C) are equivalent. Hence, in 
view of our results in Section 3, we have: 

Theorem 6.10. Conditions (A), (F), (C) and (E) are equivanent for families of basic 
objects parametrized by a regular schem T (in the class §). 

7. Families of ideals and varieties 

7.1. Idealistic triples. An idealistic triple (or id-triple) over a scheme T G S (or, simply, 
a T-triple) is a 3-tuple T = (vr : W ^^ T,I,E), where vr is a smooth morphism, / is a 
P^-ideal such that for all closed points t G T the M^'-^-'-ideal IO^/(t) is never zero (with 
p^v*) := 7r"^(t)), and E = {Hi, . . . , Hn) is a collection of T-hypersurfaces having normal 
crossings (see 2.2). 

If t is a closed point of T, there is a naturally defined notion of fiber of T at t (by reducing 
modulo the maximal ideal of Ox^t)- More generally, this notion is valid for any point t ^T. 
Indeed, firstly we consider the naturally induced id-triple over Tt = Spec (Ot,*) and then 
the induced id-triple over the closed point of Tt (see 2.1). When T = Spec A:, k a field clear 
from the context, we often will simply write T = {W, /, E). 

7.2. In a similar way, we can define, as in [2], page 393, the notion oi family of ideals. A 
family of ideals, parametrized by a scheme T (in §) is a pair X = (vr : W ^ T,I), where 
T and I are as in 7.1 We define the notion of fiber as above. Given a family of ideals 
{it -.W -^ T,I) there is a canonically associated id-triple, namely (vr : VF ^- T, /, 0). 

7.3. Given the id-triple 7 = {n -.W ^ T,I ,E), E = {Hi, . . . ,Hn), a. subscheme C of I^ 
having normal crossings with E relative to T (see 2.2) is called a T-permissible center (or 
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a T-center). If C is a T-permissible center, we define the transform of T with center C. 
This is the id-triple Ti = (tti : Wi — )■ T, I[, Ei), where vr = ttqi (with qi : Wi — > W the 
blowing-up of W with center C), I[ = lOwi, ^^^ -^i = (^i' • • • ■•^n+i) i^ defined as in 
2.8. The process of replacing an id-triple T by a transform (with a T-permissible center) 
is called a permissible transformation of the triple. 

A T-principalization of an i(i-triple T is a sequence of T-permissible transformations 
T = To ^— Ti ■(—•••<— Tr of id-triples (we write Tj = (ttj : Wi -^ T,!^, Ei)), having the 
following properties: 

(i) for all z G Wr, the stalk {Ir)z is generated by an element fz € Owr,z, not in 
r{OT,t)C>Wr,z, where t = 7rr{t), moreover V(/^) and Ei have normal crossings, 
(ii) The composition morphism q : Wr -^ W induces an isomorphism q~^{U) = U where 
U = W\V{I). 

By taking fibers, for each t (z T such an T-principalization induces a principalization 
sequence for T'*', in the sense of [2], Theorem 2.5. 

It is known that when the base is a field k (of characteristic zero), the V-algorithm of 
resolution for basic objects induces an algorithm for principalization of id-triples. Namely, 
given the id-triple T = {W, I, E) over a field k, one considers the basic object Bq = 
{W,1, 1,E) and applies the algorithm to Bq, getting a resolution B = Bq -^ ■ ■ ■ -tr- Bj., 
Bi = (Wi, Ii, 1, Ei), i = 0, . . .r. Then, by dropping the entry 6 = 1 in each basic object Bi, 
for a suitable s < r, we get the desired principalization. Namely, s is the first index such 
that inax{u}s) = 0. See [2], Parts I and II, for details. Henceforth this principalization 
process will be referred to as the algorithmic principalization ofT = (W,I,E). 

7.4. The different equiresolution conditions for basic objects discussed in Sections 2 and 
4 naturally induce analagous notions for families of id-triples and of ideals. Namely, we 
say that the id-triple 7 = {W -^ T, I, E) (with T smooth) satisfies condition [A) (resp. 
(T), (C), (r), [E)) if the T-basic object 'B = {W ^T,1, 1, E) does so. 

From Theorem 6.10 it follows that conditions {A), (F), (C) and (F) on an id-triple 
T = {W -^ T,I,E), T smooth, are equivalent. Moreover, any of these is equivalent to (r) 
if all the projections Ci —^ T are proper (notation of 2.9, see 3.9). However, condition (E) 
makes sense for an arbitrary parameter scheme T G S. 

We shall say that the T-triple T (T arbitrary) is equisolvable if condition (E) holds. If so, 
7 induces the algorithmic resolution of each fiber. If T is smooth, for 7 to be equisolvable, 
it is equivalent to require the validity of condition (A), (F) or (C) (or (r), if M^ ^^ T is 
proper) . 

If T is equisolvable and in the algorithmic equiresolution sequence of the associated 
T-basic object S we systematically delete the third entry (equal to 1), we obtain an 
equiresolution of 7, called its algorithmic equiresolution. 

Finally, given a family of ideals Z = (W —?■ T,I) (with T in §), we say that it is 
equisolvable if its associated family of id-triples T = (W -^ T, 1, 0) is equisolvable. We 
define the algorithmic equiresolution of I in an obvious way from that of the associated 
family of id-triples, by deleting the last entry of each term. 
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7.5. Working over a characteristic zero field k, we say that an embedded scheme is a pair 
X = {X, W) where VF is a scheme, smooth over k, and X is a equidimensional subscheme 
of W. If, moreover, X is reduced, we shall talk about an em,bedded variety . 

A resolution of an embedded variety Af is a proper, birational morphism / : W' —^ W, 
with W' smooth, such that: (i) the exceptional locus of / is the union of regular hy- 
persurfaces Hi, . . . ,Hn with normal crossings, (ii) the strict transform X' of X to W' 
is regular, and has normal crossings with Hi, . . . ,Hn, (iii) / induces an isomorphism 
X' \ /~^(E) — > X \ S, where S denotes the singular locus of X. 

As explained in sections (2.4) and (5.8) of [2], the V-algorithm for resolution of basic 
objects induces an algorithm for resolution of an embedded variety X = (X, W). Let us 
review this method. Consider the basic object B = {W,I{X), 1,0) and its corresponding 
algorithmic resolution: 

B = Bq i — Bl i — ■ ■ ■ i — Bj. 

obtained via resolution functions go, ■ ■ ■ ,gr~i, taking values in a totally ordered set A^'^', 
d = dim(VF) (which yield algorithmic centers Cj = Max((/j), i = 0, ... r — 1). We write 
Bi = {Wi, Ii, 1, Ei), for all i. Then, qq is constant, say equal to a G A''^' on VF\Sing(X) and 
there is a unique index n (depending on B, hence on X) such that max(5r„)=a. Moreover, 
the strict transform Xn of X to Wn is a union of components of the algorithmic center 
Cn = Max((7„) (i.e., the n-th center in the algorithmic resolution process). Hence, X„ is 
regular, and it has normal crossings with En. We shall denote the index n above by r]{X). 
The sequence 

X = {W,%) = {Wo,%) ^ {Wi,Ei) ^ • • • ^ {W^ix),E^ix)) 

where Wi and Ei are obtained as above (i.e., for i = 1, . . . ri{X), Wi — )■ Wi^i is the blowing 
up with center Cj_i and Ei is the exceptional divisor of the induced morphism Wi —^ W), 
is called the algorithmic resolution of X. Then the induced morphism W^tx) -^ W \s 
indeed a resolution of X. 

7.6. Families of embedded schemes. An S-family of d-dimensional embedded schemes is a 
pair X = {X,p : W — t- T), where T € S, X is a closed subscheme of W and p is smooth, 
such that: (a) for all t G T the pair of fibers A'(*) = (X(*), VF^*)), t G T is an embedded 
scheme over k{t) (i.e., X'*-* is equidimensional) and (b) the morphism X ^ T induced by 
p is flat. 

We shall say that a family X of embedded schemes is equisolvable if the associated family 
of ideals (p : W ^ T, I{X)) is equisolvable, i.e., the T-basic object {p : W ^ T, I{X), b, 0) 
satisfies condition (E). If T is a regular scheme this is equivalent to require that any of 
the equivalent conditions (A), (F), (C) hold. 

If the family of embedded schemes X = {X,p : IF — > T) (T arbitrary in S) is eq- 
uisolvable, then the algorithmic equiresolution sequence of the T-basic object 'B{X) := 
iW -^ T, I{X), 1, 0) induces, for any t G T, the algorithmic resolution of the fiber B{XY^> = 
(W^^' , I{X^^>),b,(ll). In particular, if W^^' is an algebraic variety (i.e., it is reduced), as 
explained in 7.5, the ry(Af) -truncation of the algorithmic resolution of B{Xy^' yields the 
algorithmic resolution of the embedded variety Af*-*-* . 
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Suppose now that T is smooth and irreducible and that, for t in a non-empty subset U 
of T, the fiber X'*) is an algebraic varities. In particular, the generic fiber is an algebraic 
variety (hence reduced). This implies (e.g., by using condition {F)) that for all t & U, 
rj{X^^>) = r]{X). That is, the length of the algorithmic resolution sequence of each fiber 
is the same. Thus, the algorithmic resolution of embedded scheme X induces that of each 
fiber X^^> (an embedded variety over the field k{t)). 

As remarked in [2] page 393, the advantage of the present approach (using the ideal 
I{X)) is that it makes sense even in the case where some fibers are not reduced. 

References 

1. M. Andre Homologie des algebres commutaUves, Springer- Verlag, Berlin (1974) 

2. A. Bravo, S. Encinas and O. Villamayor A simplified proof of desingularization and applications, Rev. 
Mat. Iberoamericana 21, 349-458 (2005) 

3. E. Bierstone and P. Milman Canonical desingularization in characteristic zero by blowing up the max- 
ium strata of a local invariant, Invent. Math. 128, 207-302 (1997) 

4. E. Bierstone and P. Milman Functoriality in resolution of singularities, Publ. Res. Inst. Math. Sci. 44, 
609-639 (2008) 

5. E. Bierstone and P. Milman Desingularization algorithms I. The role of exceptional divisors , Moscow 
Math. J. 3, 751-805 (2003) 

6. S. Cutkovsky Resolution of singularities, Graduate Studies in Mathematics 63, Am. Math. Soc. Prov- 
idence R.I. (2004) 

7. S. Encinas and H. Hauser Strong resolution of singularities in characteristic zero, Comm. Math. Helv. 
77, 821-845 (2002 

8. S. Encinas, A. Nobile and O. Villamayor On algorithmic equi-resolution and stratification of Hilbert 
schemes, Proc. London Math. Soc 86, 607-648 (2003) 

9. S. Encinas and O. Villamayor A course on constructive desingularization and equivariance, in H. 
Hauser, J. Lipman, F. Oort and A. Quiros, editors, Resolution of singularities. Progress in Mathematics 
181 (Birkhauser) (2000). 

10. R. Hartshorne Algebraic Geometry, Springer- Verlag, New York (1977) 

11. J. KoUar Lectures on resolution of singularities, Princeton University Press, Princeton (2007) 

12. H. Matsumura Commutative ring theory, Cambridge University Press, Cambridge (1989) 

13. A. Nobile Algorithmic equiresolution of deformations of embedded algebraic varieties, to appear in 
Revista Matematica Hispanoamericana, 25, 995-1054 (2009) 

14. J. Wlodarczyk Simple Hironaka Resolution in Characteristic Zero, Journal of the A. M.S., 18, 779-822 
(2005) 

Louisiana State University, Department of Mathematics, Baton Rouge, LA 70803, USA 
E-mail address: nobile@math.lsu.edu 



